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Continuous-Time Adaptive Recursive Filters
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Abstract—A major drawback of recursive adaptive filters based
on gradient methods is that convergence to global minimum is not
always achieved. This is due to a nonconvex mean square error
(MSE) performance surface. This letter develops a continuous-
time least mean square algorithm that converges to the global
minimum with probability one.

Index Terms—Adaptive recursive filters, global optimization,
stochastic approximation.

I. INTRODUCTION

M ANY adaptive filtering applications require a recur-
sive structure. Continuous-time adaptive filters are nec-

essary with applications that require high-frequency signal
processing and/or very fast initial convergence rates. Analog
realizations also result in a smaller integrated circuit, lower
power dissipation, and freedom from clocking and aliasing
effects. An example of this is channel equalization for cellular
telephony.

Unfortunately, the practical implementation of recursive
filters often involves the solution of a nonconvex optimization
problem. This implies that for gradient-based methods, con-
vergence to a local minimum can occur, leading to suboptimal
results. Guaranteed convergence to the global minimum is
dependent on the initial conditions being within a finite convex
region of the global minimum.

In this letter, we develop a continuous-time recursive adap-
tive filter based on the global least mean square (GLMS)
method of Edmonsonet al. [1]. The main characteristic of the
GLMS algorithm is that it converges to the global minimum
with probability one. This is accomplished by “smoothing”
the nonconvex objective function through a convolution of
the objective function with a noise probability density
function (pdf); we define its associated random variable as
. The types of pdf that can be used are Gaussian, Cauchy,

or uniform [3]. The variance of the pdf at the start of
the optimization procedure is large, which has the effect of
“smoothing” the objective function so that it is convex. Then
the variance is slowly reduced to zero, whereby the smoothed
functional returns to the original objective function as the
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algorithm converges to the global minimum. As shown in [3],
where represents the true objective function and
represents the smoothed version of , then

(1)

where controls the variance of the pdf and thus controls the
amount of smoothing and the rate at which the error tends to
zero. Furthermore, as , where is the global
minimum of .

II. CONTINUOUS-TIME GLOBAL LMS ALGORITHM

The analog least mean square algorithm for which we will
begin our development is based on minimizing the gradient of
the instantaneous square error

(2)

(3)

where are the parameters of the adaptive filter and is
the error between the output of the unknown system and the
output of the adaptive filter. Integrating both sides of (2) yields
the continuous time least mean square (LMS) algorithm

(4)

where . Note that when becomes constant
at a minimum, the value of the input to the integrator is zero.

From the digital derivation of the GLMS algorithm [1], it
can be easily shown that the development of the analog version
begins with the gradient of . The “smoothed” gradient
estimate, as suggested in [3], can be approximated for the
continuous-time gradient as

(5)

To obtain an implementable expression for the smoothed
gradient estimate, we expand (5) aboutusing a Taylor series
expansion. For practical purposes, it will be assumed that the
performance function is twice continuously differentiable and
converges to its Taylor series in some interval
when it is centered at a particular point. The fact that
the Taylor series expansion is only valid “locally“ does not
represent a problem since the gradient is an operator that
characterizes the local features of the function.

Given that is an variable function, the following
procedure will be repeated for every independent variable,.
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Taking as a fixed point and as a random variable, the
following series expansion about can be obtained:

(6)

From this equation, it can be seen that the second-order and
higher-order derivatives are multiplied either by a random
variable or by a power of this variable. This results in
every second and higher order term being a random variable.
Finally, applying the central limit theorem and using a vector
representation, the following expression is obtained for the
gradient

(7)

where the term represents the second and higher-order
derivative terms of (6). We will assume thatis a noise vector
containing as each of its elements, a different random process
realization. As described in [1], (6) represents the computation
of the gradient at a random location in the neighborhood
of the operating point. This implies that the purpose of this
constant random number perturbation is to avoid local
minima during the early stages of adaptation rather than to
enhance convergence. Therefore, the speed of convergence is
not improved. The gradient approximation of (7) can also be
described as computing the gradient of the MSE around
with only the addition of a random number. The variance
of this random number will be decreased over time following
an experimentally determined rate schedule, i.e.,[1], [4],
thereby decreasing the chance of diverging away from the
global minimum during the last phases of adaptation.

The continuous-time GLMS algorithm (CT-GLMS) can
now be derived by replacing the gradient term of (4) with
the convolutionally smoothed gradient of (7). This leads to
the following parameter update equation:

(8)

From the above developments, we note as with the discrete
version of the GLMS, that the smoothing of the objective
function results in the noise term, , being added to the
gradient, , allowing the LMS algorithm to have the ability
to jump out of local minima. The gradient term of (7) is the
same as for the recursive LMS algorithm, i.e.,

(9)

We will utilize the state space implementation of Johnset al.
[2] to compute the gradient approximation of (9). State space
filters represent the most general form of a linear system. The
computation of is derived from sensitivity analysis

Fig. 1. CT-GLMS adaptive SS filter.

of the transfer function. The SS model is described as

(10)

where in the above development corresponds to .
This leads to the partial derivative of (9) being computed as
a convolution of the input and states with the intermediate
transfer function of , i.e.,

where represents the convolution operation. This results in
the following coefficient-update equations for determining the
global minimum

(11)

(12)

(13)

(14)

We define the above algorithm, (11)–(14), as the CT-GLMS.
A block diagram of this algorithm is shown in Fig. 1.

III. SIMULATIONS

In this section, we present simulation results using a sys-
tem identification formulation of the adaptive filter. We will
identify the following unknown system:

(15)
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TABLE I
RESULTS OF 100 MONTE CARLO RUNS

Fig. 2. Simulation result for the system̂H(s) = b=(s � a).

by the following underparameterized system:

(16)

The input is chosen to be random Gaussian noise with a
mean of zero and a variance of one. The constant step size

. The system identification of (15) by that of (16)
yields a nonconvex MSE performance surface where there
exist a local minimum at and a global
minimum at .

The noise source used for is a Cauchy pdf. The rate
schedule equation can be described as

(17)

which is experimentally chosen based upon how and
the initial value of the variance such that proper amount of
“smoothing” occurs. For this simulation, 100 Monte Carlo
runs were performed with different randomly chosen initial
conditions located in the valley containing the local minimum,
i.e., and . The results are given in
Table I, and shows that convergence to the global minimum
is achieved with small standard deviations. Convergence to
the global minimum was achieved for each Monte Carlo run.
An example of one of the runs is shown in Fig. 2 and clearly
shows that the algorithm was able to escape from the local
minimum.

IV. CONCLUSION

We have developed a continuous-time adaptive infinite
impulse response (IIR) filter that converges to the global mini-
mum. This proposed algorithm is implemented as a state space
formulation for the coefficient-update equations. Research will
be continuing on the CT-GLMS algorithm in the areas of
convergence and error analysis.
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