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Abstract

A sliding modecontrolschemehasbeendesignedto ensure
theasymptoticstabilityof a linearsystemwith delayin both
theinputandstatevariables.A key stepis theuseof a trans-
formationthateliminatestheinputdelay. Theresultingstate-
delaysystemis controlledthrougha sliding modeapproach
wherethe equivalent control term usesstatefeedbackand
the discontinuouscontrol term involves the sign andvalue
of theswitchingfunction. It is shown that thesliding mode
is reachedin �nite time. Stability conditionsarederivedus-
ing a Lyapunov techniquecombinedwith a Razumikhinap-
proachto boundthedifferencebetweentheoriginal andthe
transformedstates. The result is a set of suf�cient condi-
tions for asymptoticstability. Thetheoreticaldevelopments
areillustratedvia anexample.

1 Intr oduction

Thepresenceof delayin adynamicsystemoftenposesasig-
ni�cant challengeto ensureclosedloopstability [1]. Sliding
modecontrol (SMC), a techniqueknown for its robustness
with respectto perturbationsandsystemuncertainties,has
beenusedto stabilizesystemswith time delays;however,
most of the literaturefocuseson systemswith either state
delay [2]-[5] or with input delay [6] [7]. Little work has
beendoneregardingsystemswith simultaneousstateandin-
putdelays[8] [9].

A novelty of this paperis an approachproposedto address
theproblemof stabilizingalinearsystemfeaturingbothstate
andinput delay. First a statetransformationis usedto map
theoriginalsysteminto aninput-delayfreeform whereonly
statedelaysarepresent.Then,a sliding modecontrol law is
proposedto stabilizethesystemandto ensurethat thestate
trajectoriesreachtheslidingsurfacein �nite time.

In Section2 the problemis presentedalongwith the trans-
formationthateliminatesthe input delay. Thedesignof the
controllaw is discussedin Section3. In section4 thecontrol
law is shown to drive thesystemstatesto theslidingsurface

in �nite time, andthis resultis followedin Section5 by the
derivationof suf�cient conditionsfor theasymptoticstabil-
ity of the original closed-loopsystem. The paperincludes
anexamplein Section6, andpresentsconcludingremarksin
Section7.

2 ProblemFormulation

Considerthesystem

�x(t) = Ax(t) + Adx(t ¡ h) + Bu(t) + Bdu(t ¡ h) (1)

x(t ) = F (t ); t 2 [¡ h;0]

u(t ) = Y(t ); t 2 [¡ h;0]

where,x(t) 2 Â n is thestate,u(t) 2 Â m is thecontrol input,
and A;Ad;B, andBd arematricesof appropriatedimensions.
Thesystemdelayh is consideredto beconstant,F (t ) is an
initial-statefunction, and Y(t ) is an initial-input function.
Thenotationj ¢j is usedto indicate,dependenton thescalar
or vectornatureof theargument,anabsolutevalueof ascalar
quantity or a vector norm, and k ¢k is usedto indicatean
inducedmatrixnorm.

2.1 SystemTransformation
The following state transformationis introducedas sug-
gestedin [11] to map(1) into aninput-delayfreesystem:

z(t) = x(t) +
Z t

t¡ h
eA(t¡ h¡ t )Bdu(t )dt (2)

Differentiatingequation(2) to obtain

�z(t) = �x(t) + A
Z t

t¡ h
eA(t¡ h¡ t )Bdu(t )dt + e¡ AhBdu(t) ¡ Bdu(t ¡ h)

andthensubstitutingfor �x(t) from (1) gives

�z(t) = Az(t) + Adx(t ¡ h) + B̄u(t)

where B̄ = B+ e¡ AhBd. In this work it is assumedthat the
pair (A; B̄) is controllable.Let

v(t) :=
Z t

t¡ h
eA(t¡ h¡ t )Bdu(t )dt (3)



sothatthetransformedsystembecomes

�z(t) = Az(t) + Adz(t ¡ h) + B̄u(t) + Âdv(t ¡ h) (4)

whereÂd = ¡ Ad. Note that from (2), v(t) = z(t) ¡ x(t) is
interpretedasthedifferencebetweentheoriginalsystemx(t)
and the transformedsystemz(t). A feedbackmatrix F is
introducedsuchthat Ā = A¡ B̄F is Hurwitz [12]. Treating
the last term in (4) asan internaldisturbanceandde�ning
f (t;v(t ¡ h)) := Âdv(t ¡ h), the systemequation(4) canbe
rewrittenas

�z(t) = (Ā+ B̄F)z(t) + Adz(t ¡ h) + B̄u(t)

+ f (t;v(t ¡ h)) (5)

which is freefrom inputdelay.

3 Control Law Design

Thesliding surfaceis de�ned by a scalarswitchingfunction
s(t) 2 Â of theform

s(t) = Cz(t) ¡
Z t

0
[CĀz(t ) + CAdz(t ¡ h)] dt (6)

whereC is adesignmatrixchosensuchthatCB̄ is nonsingu-
lar. Thestructureof thecontrollaw is givenby

u(t) = ue(t) + ud(t) (7)

whereue(t) is theequivalentpartandud(t) is thediscontin-
uouspart of the control law. The equivalentcontrol is ob-
tainedby settingto zerothe derivative of equation(6) with
respectto time,andthensolvingfor u(t) to yield

�s(t) = C�z(t) ¡ CĀz(t) ¡ CAdz(t ¡ h) = 0

Following thestandardapproachin SMC,thestatederivative
�z(t) in theaboveequationis takenfrom (5) afterignoringthe
disturbanceterm f (t;v(t ¡ h)) . Thisgivestheidentity

C(Ā+ B̄F)z(t) + CAdz(t ¡ h) + CB̄u(t) ¡ CĀz(t)

¡ CAdz(t ¡ h) = 0

which reducesto

CB̄Fz(t) + CB̄u(t) = 0

Thesolutionto theaboveidentityis u(t) = ue(t); hence,after
recognizingthat CB̄ is invertible it is possibleto conclude
thattheequivalentcontrollaw soughtis

ue(t) = ¡ Fz(t) (8)

Thediscontinuouscontrollaw proposedis

ud(t) = ¡ (CB̄)¡ 1[ks(t) + r (t) sgn(s(t))] (9)

where
r (t) = kCk kÂdk jv(t ¡ h)j + z (10)

andwherek > 0 andz > 0 aredesignparameters,andv(t ¡
h) = z(t ¡ h) ¡ x(t ¡ h) .

4 Existenceof a Sliding Mode

Theorem1 Thetime-delaysystem(5) with control law (7)-
(10) reaches the sliding manifold within a �nite time ts,
where

ts =
1
k

ln(1+
k js(0)j

z
) (11)

Proof: SelectV(t) = 1
2s(t)2 asacandidatescalarLyapunov

function.Then,

�V(t) = s(t) �s(t) = s(t)(C�z(t) ¡ CĀz(t) ¡ CAdz(t ¡ h))

= s(t)f C(Ā+ B̄F)z(t) + CAdz(t ¡ h)

+ CB̄ [¡ Fz(t) ¡ (CB̄)¡ 1(ks(t) + r (t) sgn(s)) ]

+ Cf (t;v(t ¡ h)) ¡ CĀz(t) ¡ CAdz(t ¡ h) g

= s(t)( ¡ ks(t) ¡ r (t) sgn(s)) + Cf (t;v(t ¡ h))

Now, sincejCf (t;v(t ¡ h)) j · kCk kÂdk jv(t ¡ h)j, after in-
voking (10) it follows that

�V(t) · ¡ k js(t)j2 ¡ z js(t)j (12)

Therefore,�V(t) < 0 for all k > 0 andz > 0, andit canbe
concludedthatthesystemtrajectoriesattainsliding modein
�nite time. An estimatefor theupperboundof thereaching
time ts canbeobtainedby integratingthedifferentialequa-
tion �V(t) = ¡ kjs(t)j2 ¡ zjs(t)j, wherejs(t)j =

p
2V(t), un-

dertheinitial conditionV(0) = 1
2s(0)2. Theresult(11)is ob-

tainedafterasimpletransformationof variablesandstraight-
forwardalgebraicmanipulations.

5 SystemStability

At sliding modethecontrol law (7) reducesto u(t) = ue(t).
Then,from(8) it followsthatthedynamicsystem(5) isgiven
by theexpression

�z(t) = Āz(t) + Adz(t ¡ h) + f (t;v(t ¡ h)) (13)

Thedevelopmentsin thesuitemakeuseof theinequality

jv(t)j · h(h) jz(t)j (14)



where
h(h) = h max

0· q· h
ke¡ Aqk kBdk kFka (15)

and wherea > 1 is a Razumikhinconstantdescribingthe
evolution of jz(t)j, i.e., jz(q)j · a jz(t)j, q 2 [t ¡ h;t]. The
bound(14)followsfrom applyingsuccessiveboundingoper-
ationsto theright-handsideof (3) andintroducingtheRazu-
mikhin parameter.

Theorem2 Thetimedelaysystem(5) with control law (7)-
(10) is asymptoticallystableat sliding modeif there exist
positive-de�nitematricesP 2 Â n£ n, R 2 Â n£ n, and Q 2
Â n£ n such that

l min(R) > l max(Q) (16)

and

l min(Q)( l min(R) ¡ l max(Q)) > (1+ h(h))2 kPAdk2 (17)

whereP andRaresolutionsto theLyapunov equation

PĀ+ ĀTP = ¡ R (18)

Proof: ConsideraLyapunov functionalof theform

V(t) = zT (t)Pz(t) +
Z t

t¡ h
zT (t )Qz(t )dt (19)

Thetimederivative of V(t) with respectto time is givenby

�V(t) = 2zT (t)P�z(t) + (zT (t)Qz(t) ¡ zT(t ¡ h)Qz(t ¡ h))

Substitutingtheexpressionfor �z(t) givenin (13)yields

�V(t) = 2zT (t)PĀz(t) + 2zT (t)PAdz(t ¡ h)

+ 2zT (t)Pf (t;v(t ¡ h)) + zT(t)Qz(t)

¡ zT (t ¡ h)Qz(t ¡ h) (20)

andthenusing(18)andboundingtheright-handsideof (20)
yields

�V(t) · ¡ l min(R)jz(t)j2 + l max(Q)jz(t)j2

+ 2kPAdkjz(t)j jz(t ¡ h)j

+ 2kPÂdk jz(t)j jv(t ¡ h)j ¡ l min(Q)jz(t ¡ h)j2

(21)

Invoking the bound(14) and rearrangingterms,inequality
(21)canbewritten in theform

�V(t) ·
·

z(t)T

z(t ¡ h)T

¸ T ·
a b
c d

¸ ·
z(t)

z(t ¡ h)

¸
(22)

where
·

a b
c d

¸
:=

·
l max(Q) ¡ l min(R) (1+ h(h)) kPAdk
(1+ h(h)) kPAdk ¡ l min(Q)

¸

(23)

It suf�ces to show that the matrix (23) is negative-de�nite.
This is ensuredif andonly if conditions(16) and(17) are
satis�ed.

Theorem2 canbe reformulatedto show explicitly the con-
strainton thesizeof thedelayparameterimposedby design
choices,suchastheadoptedLyapunov matricesRandQ.

Corollary 1 Thetime-delaysystem(5) with control law (7)-
(10) is asymptoticallystablein sliding modefor time-delay
valuessatisfying

h max
0· q· h

ke¡ Aqk · (
1
2

l min(R)
kPAdk

¡ 1)
1

kBdk kFk a
(24)

wherePandRarepositive-de�nitesolutionsto theLyapunov
equation(18)andsatisfytheinequality

l min(R) > max(l max(Q);2kPAdk) (25)

Proof: The proof consistsof deriving conditionsthat en-
sure the existenceof a feasiblesolution to (16) and (17).
Theproof alsorecognizesthat l max(Q) representsthemax-
imum eigenvalue to the Lyapunov functional (19), hence
l min(Q) · l max(Q). Using the latter inequalityalongwith
theconstraintimposedon l min(Q) by (17), it follows that

(1+ h(h))2kPAdk2

l min(R) ¡ l max(Q)
< l min(Q) · l max(Q) (26)

A solutionl min(Q) to (26)existsonly if

(1+ h(h))2kPAdk2

l min(R) ¡ l max(Q)
< l max(Q) (27)

which, using the fact that (16) requires that l min(R) ¡
l max(Q) > 0, is equivalentto

l max(Q)2 ¡ l min(R)l max(Q) + (1+ h(h))2kPAdk2 < 0 (28)

Theanalysisof theabove inequalityreducesto investigating
theboundaryde�ned by theequality

l max(Q)2 ¡ l min(R)l max(Q) + (1+ h(h))2kPAdk2 = 0 (29)

whichcanbereadilysolvedto yield

l max(Q) = l min(R)
2 +

¡

1
2

p
l min(R)2 ¡ 4(1+ h(h))2kPAdk2

Giventhatonly realsolutionsaremeaningful,it follows that
thediscriminantmustbenonnegative, i.e.,

l min(R) ¸ 2(1+ h(h))kPAdk (30)

Thepresenceof thefactor(1+ h(h)) > 1 impliesthata fea-
siblesolutionto (30)existsonly if

l min(R) > 2kPAdk (31)

Furthermore,from (30) it follows thatthesetof feasibleso-
lutionsis givenby theequivalentinequality



h(h) · 1
2

l min(R)
kPAdk ¡ 1

which establishescondition(24) of thecorollaryafterusing
(15) and suitably rearrangingthe factorsin the inequality.
Moreover, sincel min(R) mustsimultaneouslysatisfycondi-
tion (16) andconstraint(31), it follows that it mustsatisfy
condition(25)of thecorollary.

It remainsto show theasymptoticstability of system(1), as
addressedin thefollowing theorem.

Theorem3 The time-delaysystem(1) with state x(t) is
asymptoticallystableif the transformedsystem(5) reaches
theslidingmanifoldandis asymptoticallystableontheman-
ifold.

Proof: If z(t) reachesthesliding surface,thenthecontrol
law reducesto u(t) = ¡ Fz(t), and(2) canberearrangedin
theform

x(t) = z(t) +
Z t

t¡ h
eA(t¡ h¡ t )BdFz(t )dt (32)

Now when(5) is asymptoticallystable,it followsthatz(t) !
0, thenx(t) ! 0 in (32),hencecompletingtheproof.

6 Example

Considerthe time-delaysystem(1) with h = 0:8, with an
initial-input functionY(t ) = 0 for t 2 [¡ h;0), andaninitial-
statefunction F (t ) = [¡ 1 2]T for t 2 [¡ h;0] so that the
initial-statevector is x(0) = [¡ 1 2]T , and the following
systemparameters:

A =
·

¡ 1 0
0:2 0:3

¸
; Ad =

·
0:01 ¡ 0:04
0:02 0

¸
;

B =
·

2
1

¸
; Bd =

·
1
0

¸

Thecontroldesignconsideredis basedonthefollowing ma-
trices associatedwith the Lyapunov equation(18) and the
Lyapunov functional(19):

R=
·

6 0
0 6

¸
; Q =

·
3 0
0 3

¸
;

P =
·

4:5435 5:7537
5:7537 48:4578

¸

Using the feedbackmatrix F = [¡ 0:0166 0:2827] the
eigenvaluesof Ā are placedat f¡ 0:4; ¡ 0:45g. The con-
troller parametersare k = 30 and z = 3. The switching

function's initial value is s(0) = 3, and its designmatrix
is chosenas C = [0:9 0:85]. Selecting a = 2:3391,
calculating the norms of kBdk = 1, kFk = 0:2832, and
evaluating max0· q· h jje¡ Aqk = 2:2381 , then equation
(15) gives h(h) = 1:1858. It is now straightforward to
verify that conditions (16) and (17) of Theorem 2 are
satis�ed. First, condition(16) is metgiventhat l min(R) = 6
is greater than l max(Q) = 3. Also, condition (17) is
met since l min(Q)( l min(R) ¡ l max(Q)) = 9 is greater
than (1 + h(h))2 kPAdk2 = 5:4770. It follows then that
Theorem2 ensuresthe asymptoticstability of the closed
loop system. The conditions of Corollary 1 are also
satis�ed since this corollary is equivalent to Theorem
2. In fact, hmax0· q· h jje¡ Aqjj = 1:7905 is less than
( 1

2
l min(R)
kPAdk ¡ 1) 1

kBdk kFk a = 2:7208, and l min(R) = 6 is
greaterthanmax(l max(Q);2kPAdk) = 3.

Figure1 shows theresultsof asimulationstudy. Figure1(a)
depictstheasymptoticstabilityof thetransformedsystem(5)
with statevariablez(t). Thestatetrajectoriesfor theoriginal
system(1) with statevariablex(t) areshown in Figure1(b).
Equation(11) yields ts = 0:1145,a valuethat is consistent
with thetime at which s(t) becomesidenticallyzeroin Fig-
ure1(d),giventhatat thatinstantz(t) hasreachedthesliding
manifold. It is apparentthat thestatesx(t) developasymp-
totic behavior after a time t ¼ ts + h = 0:9145,which is a
consequenceof thefactthattheoriginal systemhasaninput
delaywhereasthetransformedsystemis freeof input delay.
Figure1(c)showsthecontrolactionu(t) risingquickly from
its initial value,andreachingthe valueof zeroat approxi-
matelythesametime thatz(t) reachesthesliding manifold.
Figure1(c) alsoshows that thecontrolschemesuffers from
a chatteringeffect,asis to beexpectedfrom thepresenceof
thesignumfunctionin thediscontinuouscontrollaw (9).

Thechatteringof thesignalcanbealleviatedby introducing
theapproximation

sgn(s) ¼
s

jsj + e

Figure2 shows that a valueof e= 0:001 effectively makes
thechatteringdisappear(seeFigure2(c)),while thestatetra-
jectoriesz(t), x(t), and the switching function s(t) remain
virtually unchanged.

7 Conclusions

A sliding modecontrollerhasbeendesignedto stabilizea
linear systemwith stateand input delay. The controller is
shown to successfullydrive the systemstatesto the sliding
surfacein �nite time. Suf�cient stability conditionsarede-
rivedusingLyapunov techniques.
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Figure1: Trajectoriesfor thestatesof thetransformedsystem(a), thestatesof theoriginal system(b), thecontrollaw (c), andtheswitching
function(d).
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Figure2: Trajectoriesfor thestatesof thetransformedsystem(a), thestatesof theoriginal system(b), thecontrollaw (c), andtheswitching
functionwith approximationto thesignumfunction(d).
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