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Abstract

A sliding modecontrolscheméhasbeendesignedo ensure
theasymptoticstability of alinearsystemwith delayin both

theinputandstatevariables.A key stepis theuseof atrans-
formationthateliminategheinputdelay Theresultingstate-
delaysystemis controlledthrougha sliding modeapproach
wherethe equivalent control term usesstatefeedbackand

the discontinuouscontrol term involves the sign and value

of the switchingfunction. It is shovn thatthe sliding mode
is reachedn nite time. Stability conditionsarederived us-

ing aLyapuna techniguecombinedwith a Razumikhinap-

proachto boundthe differencebetweerthe original andthe

transformedstates. The resultis a setof sufcient condi-

tionsfor asymptoticstability. The theoreticaldevelopments
areillustratedvia anexample.

1 Intr oduction

Thepresencef delayin adynamicsystenoftenposesasig-
ni cant challengeo ensureclosedioop stability [1]. Sliding
modecontrol (SMC), a techniqueknown for its robustness
with respectto perturbationsand systemuncertaintieshas
beenusedto stabilize systemswith time delays; however,
most of the literaturefocuseson systemswith either state
delay[2]-[5] or with input delay [6] [7]. Little work has
beendoneregardingsystemsvith simultaneoustateandin-
putdelays[8] [9].

A novelty of this paperis an approactproposedo address
theproblemof stabilizingalinearsystenfeaturingbothstate
andinput delay First a statetransformationis usedto map
theoriginal systeminto aninput-delayfreeform whereonly
statedelaysarepresent.Then,a sliding modecontrollaw is
proposedo stabilizethe systemandto ensurethatthe state
trajectoriegeachthesliding surfacein nite time.

In Section2 the problemis presentedilongwith the trans-
formationthateliminatestheinput delay The designof the
controllaw is discussedh Section3. In sectiord thecontrol
law is shawn to drive the systemstatego the sliding surface

in nite time, andthis resultis followedin Section5 by the
derivation of sufcient conditionsfor the asymptoticstabil-
ity of the original closed-loopsystem. The paperincludes
anexamplein Section6, andpresentgoncludingremarksn

Section7.

2 Problem Formulation
Considerthe system
X(t) = AX(t) + Aax(ti h)+ Bu(t) + Bgu(ti h) (1)
X(t)=F(t); t2[i h;Q]
u(t) = Y(t); t2[i h0]

where x(t) 2 A" is thestate,u(t) 2 A™ is the controlinput,

and A; Aq; B, andBy arematricesof appropriatalimensions.

The systemdelayh is consideredo be constantf (t) is an
initial-statefunction, and Y (t) is aninitial-input function.
Thenotation;j ¢j is usedto indicate,dependenbn the scalar
or vectornatureof theagumentanabsolutevalueof ascalar
guantity or a vectornorm, and k ¢k is usedto indicatean
inducedmatrix norm.

2.1 SystemTransformation
The following state transformationis introducedas sug-
gestedn [11] to map(1) into aninput-delayfree system:
Zy
Zt) = x(t)+ At DBy(t)dt 2
ti h
Differentiatingequation(2) to obtain
z t
Z(t) = x(t)+ A

tj

heA(ti hi D Bgu(t)dt + e A"Bgu(t) | Byu(t

andthensubstitutingfor x(t) from (1) gives
Z(t) = AAt) + Agx(ti h)+ Bu(t)

where B__= B+ e A'By. In this work it is assumedhatthe
pair (A; B) is controllable.Let
z t
v(t) = i i DB y(t)dt ©)
h

h)



sothatthetransformedystembecomes
Z(t) = AZt) + Agz(ti h)+ Bu(t) + Agv(ti h)  (4)

whereAq = i Aq. Notethatfrom (2), v(t) = z(t) i x(t) is
interpretedasthedifferencebetweertheoriginal systemx(t)
and the transformedsystemz(t). A feedbackmatrix F is
introducedsuchthat A= Aj BF is Hurwitz [12]. Treating
the lasttermin (4) asan internal disturbanceand de ning
f(t;v(ti h)) := AgW(ti h), the systemequation(4) canbe
rewrittenas

Z2t) =  (A+ BR)Z(t)+ Agz(ti h)+ Bu(t)

+ (G v(ti h) ()

whichis freefrom inputdelay

3 Control Law Design

Thesliding surfaceis de ned by a scalarswitchingfunction
s(t) 2 A of theform

Zy

S(t) = Cz(t) i . [CAZ(t) + CAgZ(t i h)] dt (6)

whereC is adesignmatrix chosersuchthatCB is nonsingu-
lar. The structureof the controllaw is givenby

u(t) = ue(t) + ug(t) ()

whereug(t) is the equivalentpartandug(t) is thediscontin-
uouspart of the controllaw. The equialentcontrolis ob-
tainedby settingto zerothe derivative of equation(6) with

respecto time, andthensolvingfor u(t) to yield

s(t) = CAt) | CAZ(t)j CAqti h)=0

Following thestandardipproachin SMC,thestatederivative
Z(t) in theabove equatioris takenfrom (5) afterignoringthe
disturbancderm f(t;v(tj h)). Thisgivestheidentity

C(A+ BF)z(t) + CAqz(tj h)+ CBu(t)j CAZz(t)

i CA4z(ti h)y=0

whichreducedo
CBFz(t)+ CBu(t) = 0

Thesolutionto theabore identityis u(t) = ue(t); henceafter
recognizingthat CB is invertible it is possibleto conclude
thatthe equivalentcontrollaw soughtis

Ue(t) = i Fz(t) (8)

Thediscontinuougontrollaw proposeds

Ug(t) = i (CB) “ks(t) + r (t) sgr(s(t))] (9)
where
r(t) = kCk kA:dkjv(ti h)j+ z (10)

andwherek > 0 andz > 0 aredesignparametersandv(t
h)=2z(ti h)i x(ti h).

4 Existenceof a Sliding Mode

Theorem1 Thetime-delaysystem(5) with control law (7)-
(10) reades the sliding manifold within a nite time ts,

whee
kJS(O)J

ts= — I n(l+ —=) (11)

Proof: Selectv(t) =
function. Then,

V(1) = s()s(t) = S()(CAL) | CA(t) i CAg(ti h))
= §(t)f C(A+ BF)z(t) + CAgz(t| h)
+ CB[i F(t)i (CB)' “(ks(t) + r (t) sgr(9)) ]
+ CH(t;v(ti )i CAZ(t)i CAgz(ti h)g
= s(t)(i ks(t)i r(t) sgr(s)) + Cf(t;v(ti h)
Now, sincejCf(t;v(ti h))j -
voking (10)it follows that
V() - i kishi?i zjs(t)j (12)

ThereforeV(t) < 0 for all k> 0andz > 0, andit canbe
concludedhatthe systemtrajectoriesattainsliding modein
nite time. An estimatefor the upperboundof thereaching
time ts canbe obtalnedby integratingthe d|ffeﬁent|al equa-
tion V(t) = j kjs(t)j%i zjs(t)j, wherejs(t)j= " 2V(t), un-
dertheinitial conditionV(0) = l:9(0)2 Theresult(11)is ob-
tainedafterasimpletransformatiomf variablesandstraight-
forwardalgebraiamanipulations. m

Qs(t)2 asacandidatescalalyapunw

kCk kAgk jv(ti h)j, afterin-

5 SystemStability

At sliding modethe controllaw (7) reducego u(t) = ue(t).
Then,from (8) it followsthatthedynamicsystem(5) is given
by the expression

Zt) = At)+ Agz(ti h)+ f(t:v(ti h)  (13)
The developmentsn the suitemalke useof theinequality

v(®)j - h(h) jz(b)] (14)



where
h(h) = homa>§1 kel A9k kByk kFka (15)
. q.

andwherea > 1 is a Razumikhinconstantdescribingthe
evolution of jz(t)j, i.e, jz(q)j - a jz(t)j, g2 [ti h;t]. The
bound(14)followsfrom applyingsuccessie boundingoper
ationsto theright-handsideof (3) andintroducingthe Razu-
mikhin parameter

Theorem 2 Thetime delaysystem(5) with control law (7)-
(10) is asymptoticallystableat sliding modeif there exist
positive-de nite matricesP 2 A™" R2 A™" and Q 2
AN sudh that

| min(R) > | max(Q) (16)
and
L min(Q)(I min(R) i 1 max(Q)) > (1+ h(h)? kPAGK®  (17)
wheee P andR are solutionsto the Lyapunw equation

PA+ATP= | R (18)

Proof. ConsideraLyapune functionalof theform
z t
Z' (1)QAt)dt (19)
ih

V(t) = Z' (t)PAt) +

Thetime derivative of V (t) with respecto timeis givenby

V(1) = 22 (t)P(t) + (Z' (1)QAt) i Z'(ti h)QAti h)

Substitutingthe expressiorfor z(t) givenin (13)yields

V() = 227 (t)PAZt) + 27" (t)PAgz(t; h)

+ 22 ()PF(t;v(ti h))+ 2" (1)QAt)

i Z'(ti h)QAt; h) (20)
andthenusing(18) andboundingtheright-handsideof (20)
yields

VO i Tmin(RIZIZ+ | mad Q)]
+ 2kPAGKjz(t)j jz(t | h)j
+ 2kPAGK ()] iv(ti h)ji | min(Qiz(ti h)j?
(21)
Invoking the bound(14) and rearrangingterms, inequality
(21) canbewrittenin theform

sT

Zt)T a b’ At)
VO it cd oAt @2
where
“a b’ - ImadQi Imin(R) (1% h(h) kPAGK *
c d ° (1+ h(h)) kPAGK i | min(Q)

(23)

It sufces to shav thatthe matrix (23) is negative-de nite.
This is ensuredf andonly if conditions(16) and (17) are
satis ed. n

Theorem2 canbe reformulatedto shav explicitly the con-
strainton the sizeof thedelayparametermposedby design
choicessuchastheadopted_yapune matricesR andQ.

Corollary 1 Thetime-delaysysten(5) with control law (7)-
(10) is asymptoticallystablein sliding modefor time-delay
valuessatisfying

}' min(R) . 1

h max kel A9k - 1) BKKFKa
d

0 q h 2 kPAGK '

(24)

whee P andRare positive-de nitesolutiongto theLyapunw
equation(18) and satisfytheinequality

I min(R) > max(| max(Q); 2kPAgK) (25)

Proof: The proof consistsof derving conditionsthaten-
surethe existenceof a feasiblesolutionto (16) and (17).
The proof alsorecognizeghat! n(Q) representshe max-
imum eigervalue to the Lyapune functional (19), hence
[ min(Q) + I ma{Q). Using the latter inequality alongwith
theconstrainimposedon| min(Q) by (17),it follows that
(1+ h(h))2kPAgk?
I min(R) i | madQ)
A solutionl min(Q) to (26) existsonly if
(1+ h(h))2kPAgk?
I min(R) i | madQ)
which, using the fact that (16) requiresthat | min(R) i
I ma{ Q) > 0, is equivalentto
I mad Q% | min(R)I max(Q) + (1+ h(h)) *kPAdk® < 0 (28)
Theanalysisof theabove inequalityreducego investigating
theboundaryde ned by theequality
I mad Q% | min(R)I max(Q) + (1+ h(h))*kPAdk®= 0 (29)
which canbereadilysolvedto yield

<Imin(Q) - Ima{Q)  (26)

< I ma(Q) (27)

| max(Q) = 'ma® 1P T (R7T 4L+ () 2KPAe

Giventhatonly realsolutionsaremeaningful it follows that
thediscriminantmustbe nonneative, i.e.,

Imin(R), 2(1+ h(h))kPAgk (30)

Thepresencef thefactor(1+ h(h)) > 1impliesthatafea-
sible solutionto (30) existsonly if

I min(R) > 2kPAgk (31)

Furthermorefrom (30) it follows thatthe setof feasibleso-
lutionsis givenby the equialentinequality



which establishesondition(24) of the corollary afterusing
(15) and suitably rearrangingthe factorsin the inequality
Moreover, sincel min(R) mustsimultaneouslhsatisfycondi-
tion (16) and constraint(31), it follows thatit mustsatisfy
condition(25) of thecorollary ™

It remainsto shav the asymptoticstability of system(1), as
addresseth thefollowing theorem.

Theorem3 The time-delay system(1) with state x(t) is
asymptoticallystableif the transformedsystem(5) reades
theslidingmanifoldandis asymptoticallystableontheman-
ifold.

Proof: If z(t) reacheghe sliding surface,thenthe control
law reducedo u(t) = j Fz(t), and(2) canberearrangedn
theform
z t
x(t) = Z(t) + he/*(ti hiDByFZ(t)dt (32)
i
Now when(5) is asymptoticallystablejt followsthatz(t) !

0,thenx(t) ! 0in (32), hencecompletingthe proof. ™

6 Example

Considerthe time-delaysystem(1) with h = 0:8, with an
initial-input functionY (t) = Ofort 2 [j h;0), andaninitial-
statefunction F(t) = [j 1 2]" for t 2 [j h;0] so that the
initial-statevectoris x(0) = [ 1 2]T, and the following
systemparameters:

i1 0 . _ 00l 004"
A= 02 03 AT oo2 0
_ 2. L, _ 1
B= 1 +B=

Thecontroldesignconsidereds basedn thefollowing ma-
trices associatedvith the Lyapune equation(18) and the
Lyapuna functional(19):

B

6 0° . 3
R= 096 Q% o

0
3 i
45435 57537°
T 57537 484578

Using the feedbackmatrix F = [j 0:0166 0:2827 the
eigervaluesof A areplacedat fi 0:4; j 0:459. The con-
troller parametersaare k = 30 andz = 3. The switching

function's initial valueis s(0) = 3, and its designmatrix
is chosenas C = [0:9 0:85. Selectinga = 2:3391,
calculating the norms of kBgk = 1, kFk = 0:2832, and
evaluating max. ¢ njje' A% = 2:2381 , then equation
(15) gives h(h) = 1:1858. It is now straightforvard to
verify that conditions (16) and (17) of Theorem2 are
satis ed. First, condition(16) is metgiventhat! yn(R) = 6
is greaterthan | a(Q) = 3. Also, condition (17) is
met since | min(Q)(I min(R) i 1 ma{Q)) = 9 is greater
than (1+ h(h))? kPAgk? = 5:4770. It follows then that
Theorem?2 ensuresthe asymptoticstability of the closed
loop system. The conditions of Corollary 1 are also
satis ed since this corollary is equvalent to Theorem
2. In fact, hmax. g njjel A%j = 1:7905 is less than
(370 i 1) ks = 27208, and | min(R) = 6 is
greatethanmax(| ma)Q); 2kPAgk) = 3.

Figurel shavs theresultsof a simulationstudy Figurel(a)
depictgheasymptoticstability of thetransformedystem(5)
with statevariablez(t). The statetrajectoriedor theoriginal
system(1) with statevariablex(t) areshavn in Figurel(b).
Equation(11) yieldsts = 0:1145, a valuethatis consistent
with thetime at which s(t) becomesdentically zeroin Fig-
urel1(d),giventhatatthatinstantz(t) hasreachedhesliding
manifold. It is apparenthatthe statesx(t) develop asymp-
totic behaior afteratimet Y tg+ h = 0:9145,which is a
consequencef thefactthattheoriginal systemhasaninput
delaywhereaghetransformedystemis free of input delay
Figurel(c) shavsthecontrolactionu(t) rising quickly from
its initial value, and reachingthe value of zeroat approxi-
matelythe sametime thatz(t) reacheghe sliding manifold.
Figure 1(c) alsoshaws thatthe control schemesuffers from
achatteringeffect, asis to be expectedfrom the presencef
the signumfunctionin thediscontinuougontrollaw (9).

The chatteringof the signalcanbealleviatedby introducing
theapproximation

S

1,
sgn(s) /4jsj e

Figure 2 shavs thata value of e = 0:001 effectively makes
thechatteringdisappeatseeFigure2(c)), while thestatetra-
jectoriesz(t), x(t), andthe switching function s(t) remain
virtually unchanged.

7 Conclusions

A sliding modecontroller hasbeendesignedo stabilizea
linear systemwith stateandinput delay The controlleris
shavn to successfullydrive the systemstatesto the sliding
surfacein nite time. Sufcient stability conditionsarede-
rivedusingLyapune techniques.
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Figure 1: Trajectoriedor the statesof thetransformedystem(a), the statesof the original system(b), the controllaw (c), andthe switching

function (d).
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Figure 2: Trajectoriedor the statesof thetransformedystem(a), the statesof the original system(b), the controllaw (c), andthe switching
functionwith approximatiorto the signumfunction (d).
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