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Abstract

Given a system with real-parametric uncertainties, this
paper presents an approach to determine the maximum
stabilizable uncertainties and to design a controller
which can stabilize the family of uncertain plants. The
paper explores the critical direction theory to identify
non-conservative weighting functions which are then
utilized in an iterative He, design process.

1 Introduction

The robust synthesis of a controller that can stabilize
a plant with parametric perturbations is a largely un-
solved problem for which only few results are avail-
able [2] [3] [4] [5] {7}. One of the first attempts was made
by Bhattacharyya et al. [2], where parametric uncer-
tainties were overbounded by unstructured uncertain-
ties, and static constant overbounding uncertainty was
used as the weighting function in an H, method to de-
sign a robust controller. That approach is very simple
and effective in making use of the well-developed H
synthesis knowledge. Unfortunately, the overbound-
ing operation may introduce conservatism; in fact it is
pointed out in [2] that a significant deficiency of control
theory is the lack of non-conservative synthesis meth-
ods to achieve robustness under parameter uncertain-
ties. Many researchers [3] [5] [6] attack the synthesis
problem using fixed-structure controllers such as PID,
or other low-order controllers, but this approach suffers
from inherent shortcomings by restricting attention to
only fixed-structure controllers.

The recently proposed critical direction theory provides
necessary and sufficient stability conditions for uncer-
tain systems [8]. Motivated by this theory, Ji et al. [7]
revisited the static weighting strategy introduced in [2]
to reduce the conservatism resulting from the over-
bounding weighting function and obtained an increase
in maximum stabilizable uncertainty of about 46% over
previous results reported in [2] for examples widely re-
ferred to in the literature. However, as pointed out
in 7], some conservatism might still exist by restrict-
ing attention to only static weighting. This paper first
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utilizes a dynomic weighting strategy to obtain an even
larger stabilizable uncertainty.

2 Problem Formulation

This paper studies problems of the kind posed
in |2] [4] {5 |7}, where for a given interval system p(s),
as large a stabilizable uncertainty as possible is required
to be found together with a robust controller that can
stabilize the closed-loop system of Fig. 1.

The family of uncertain plants p(s) is defined about its
nominal system pg(s), namely,

p(8) = po(s) + &(s). (1)

The system p(s) is characterized by a set of real pa-
rameters which appear in the coefficients of the numer-
ator and denominator polynomials. Each parameter
in turn is an element of & real interval of width 2¢
centered about the nominal value of the correspond-
ing parameter for the nominal plant po(s). Therefore,
the uncertainty description for the problem is a real
hyperbox A(e) each side of which hes a length 2¢. The
value ¢ is a non-negative scalar that represents the un-

v certainty level. In general, the nominal system pp(s)
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is neither open-loop stable nor unity-negative-feedback
stable. Therefore, a stabilizing contreller ¢(s) needs to
be designed 50 that the closed-loop system in Fig. 1
is robustly stable, i.e., stable over all uncertain plants
p(s). To solve this robustness synthesis problem, an
upper bound ¢, needs to be found for which the family
of interval plant p(s) satisfies the following condition:

(A) The set of allowable perturbations A(e) is such
that systems p(s) and po(s) have the same number of
open-loop unstable poles.

Whenever a controlier ¢(s) is designed, the stability
of the closed-loop system of g{(s) = p(s)c{s) of Fig. 1
needs to be checked; and a stability margin needs to
be determined. For robustness analysis of the system
9(s), the following conditions should be satisfied:

(B1) The nominal system go(3) := po(s)c(s) is stable
under unity-negative-feedback.

(B2) The family of uncertain systems g(s) and its nom-
inal system gg(s} have the same number of open-loop



unstable poles.

In summary, the problem addressed in this paper is to
determine the parametric stability margin 4., which,
as defined in [2], is the maximum value € for which the
entire family of interval plants p(s) is stabilizable. Note
that €nqx con be no greater than ¢,. Another problem
is to synthesize a stabilizing controller ¢,.(s} that can
robustly stabilize the family of plants for any € € epmaz.

Figure 1: Feedback loop involving the uncertain system
p{s) and & controller ¢(s).

3 Preliminaries

3.1 H,, Synthesis with Constant Overbounding
Uncertainty Weighting

z

e(s)

Pols)

Figure 2: Robustness synthesis for parametric uncertain
systems recast into the mixed-sensitivity frame-
work.

Following the well-known small gain theory, the robust-
ness synthesis problem formulated in Section 2 can be
mapped into the mixed-sensitivity H. synthesis frame-
work, as shown in Fig. 2, where the controller design
procedure invelves finding the minimizing sclution to

min  {|W(s)R(s}. (2)

V= stabitiveny c(s)

where R(s) := Ty (3) = TJ—S#(_;)- is the controller

sensitivity transfer function, and Wa(s) must be se-
lected to represent the plant perturbations in as exact
s manner as possible [8]. The choice of the weight-
ing function Wy(s) is critical in representing the effec-
tive part of the uncertainty §(s). In general, the more

1113

closely the weighting function approximates the suffi-
cient and necessary stability conditions, the less conser-
vatism is introduced in solving for a robust controller.
If 4 < 1, the minimizing solution c(s) is a robustly sta-
bilizing controller. Note that the problem given in (2)
is actually a simple controller sensitivity problem for
which other sensitivity weighting functions are zero,
ie, Wi(s) = Wi(s) =0,

Bhattacharyya et al. [2] introduced the constant over-
bounding weighting method, namely, replacing Wa(s)
with a constant worst-case circular bound. Let g, (w)
denote the maximum perturbation radius (MPR) of the
system p(jw) at each frequency w, namely

pm (W) = maz  |6(jw,€}| = maz Ip(jw,e€) - po(sw)|.

e€Afe) eEA(€)
(3)

The static weight used in [2] is denoted here as p, =
maz pm(w) , which is defined as the constant over-
W

bounding uncertainty bound, {.e., the largest value of
Pm{w) over all frequencies.

Since pm encompasses all sizes of uncertain plants mea-
sured from the nominal plant over a frequency band of
interest, it seems reasonable, at least as a first step,
{0 use pp, as the weighting function Wy(s) in Hy, syn-
thesis to find 2 stabilizing controller for the parametric
uncertain system of Fig. 2. The constant MPR weight-
ing shows much promize based on its simplicity and
effective use of the well-developed H,, synthesis the-
ory. The disadvantage of the MPR weighting approach
is that unnecessary conservatism may be introduced in
final controller design. This observation leads us to a
consideration of weighting functions based on the crit-
ical direction theory. .

3.2 The Critical Direction Theory

- 1
Im
d.Um)
-1+ 0 Re
'_'f“‘_(qJ
2UB )+ 0. (@) (J,) it
i
'
CPR FASY)
(AT
EXVE
Figure &. cuuuns moc i e wovess wsnsse Jieory.

For a given interval system g(s) with assumptions (B1)
and (B2), the closed-loop system of Fig. 1 is stable if
and only if the critical point —1+ 30 is outside the value-



set of g{jw) at every frequency w. Motivated by this
critical point exclusion principle, Latchman et al. {1] (8]
proposed a necessary and sufficient frequency-domain
robustness analysis technique, namely, the critical di-
rection theory, by recognizing that for the entire value-
set at any given frequency, there is only one direction
of perturbation of relevance to the stability analysis.

The solid curve in Fig. 3 describes the nominal sys-
tem gp(jw) within a pre-specified frequency range. For
a specific frequency point w;, the uncertainty fam-
ity g(jw;) is plotted and characterized through the
vatue-set Vy(wi) == {g(jwi} | gliws) = goljws) +

8g(juwi, €),¢ € Ale),dg(jwi,€) = c(jw;)0(jwi,€). The
critical direction is defined as
. 1+ goljwn
dyfju) = — 2 G0Ln) @

11+ go(juwi)l”
Accordingly, the family of uncertainty plants along
the critical direction is defined &s the critical value-
set Ve(wi) {9e(wi} | geldwi) goljwi) +
ade{jwy), for some & € R;}. When the critical value-

set Vo(w;) is convex, the critical perturbation radius
(CPR) is defined as

bilizable uncertainties, and then proceed to an iterative
design for exactly calculating emaz.

4.1.1 The Dynamic MPR Weighting: In
Hy, synthesis, weighting functions are assumed to be
stable and real rational transfer-functions; but, pm{w)
is just a set of non-negative values over a specified fre-
quency range. This situation is reminiscence of the
well-known D — K iteration in p synthesis in which the
frequency-dependent scalings D(w) are approximated
by a transfer function 5(s) [9]. Similarly, by using
& numerical inversion technique, a stable, minimum-
phase, and real rational transfer-function approxima-
tion py(s) to pr(w) can be found in the sense that

lpm (jw)] = pm(w), V. M

We call this approach dynamic MPR weighting. It is
straightforward to verify that MPR is non-decreasing
when the uncertainty level ¢ increases. Let €iup-mez
be the largest value of € such that the system p{s) in
Fig. 1 is stabilizable by using only the MPR weighting
approach. Then €44p_maez con be found by increasing
€ and tmtmg the stability of Ho, contzollers synthe-

Pelwi) = maz {a b ge(dwi) = go{jwi)+ado(juw;) € Vi(w;)}. sized using the corresponding dynamic MPR weighting

()
Finally, the Nyquist robust stability margin is defined
] T

The necessary and sufficient stability condition is given
in next theorem.

Pc@”)
11 + goliw)|

(6)

ky =

Theorem 1 [8] Consider the uncertain system g{s)
given in Fig. 1 salisfiing the assumptions (B1} ond
(B2} listed in Section 2. Then, under the assumption
that the critical value-set is conver, the closed-loop sys-
tem of Fig. 1 is stable if and only if ky < 1. .

Note that as in [8], the previous description assumes
that the critical value-set, not necessarily the whole
value-set, is convex. More general work can be found
in [1] where the critical direction theory is applied for
the case of non-convex critical value-sets for more gen-
eral systems with parametric uncertainties, and a new
definition of the CPR is introduced to avoid conser-
vatism. In this paper we use the definition given in (5)
since a8 pointed out in [1} the critical perturbation ra-
dius computed by (5) is no worse than the MPR.

4 Main Results

4.1 Sub-Robust Controllers Synthesis
We first consider using a dynamic weighting method to
reduce conservatism in determining the maximum sta-
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functions. A computationally efficient algorithm can
be designed using a bisection method.

Algorithm for Sub-Robust Controller Synthesis

Step 1. Set the initial bounds of € as g1y = 0, £xp = €4,
where ¢, is obtained based on the discussion in
Section 2; and assign a value to the tolerance for
the stopping criterion  (typically between 10—2
and 10-4).

Step 2. Let ¢ = (& + €up)/2. Check whether an
admisgible controller can be designed by merely
using the MPR weighting approach.

» If the interval system is stabilizable, ¢, = ¢,
and iterate Step 2.

] Else, €yp = €. Now if (eub - flb)/flb < T,
set €yup—maz = (€tp + €up)/2 and end the
iteration. Else, iterate Step 2.

4.2 The ECPR and its Properties

To find the 4., namely to design a robust controller
for which the closed-loop of Fig. 1 is marginally sta-
ble at €pnqe, it is desirable to use an exact weighting
function based on the necessary and sufficient stability
condition associated with the critical direction theory.
Assume that a robust controller for the system of Fig. 1
i8 ¢po(8); then the effective critical perturbation radius
{ECPR) is defined as

pe(w)

Tore G)] ®)

pe(w) =
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where p.(w) is the CPR of the cascaded system g{jw} =
cre(jw)p(jw) at frequency w. Note that p(w) is as-
sociated with the value-set of g(jw) = & {jw)p(iw),
whereas p.(w) is associated with the value-set of p(jw),
as illustrated in Figures 4 and 5. The value of p.{w) at
each frequency w is just a non-negative number. The
function p.(s) is used as an approximation function
to pe(w), in the same fashion as p,{s} approximates

Pm(@).

Notice that g(s) = cr(s)p{s). When multiplied by the
controller ¢..{s)}, the value-set of p(jw) may be shifted,
rotated, and/or magnified or contracted before produc-
ing the value-set of g(jw). Fig. 4 illustrates the behav-
ior of the corresponding variation caused by the con-
troller cr.(s) between the value-set of p(juw;) and that
of g(juwy) at frequency w;. Fig. 4 uses the following sym-
bols: pa {jw;) is the intersection of the critical line orig-

inating from pp(fu;) and the boundary of the value-set -

of p(jw;) as shown in Fig. 4 (a); go (jwi) represents the
intersection of the critical line originating from go(jw;)
and the boundary of the value-set of g{juw;) as shown in
Fig. 4 (b); and, p,{juw;) denotes the intersection of the
boundary of the value-set of p{juwi) and a certain line
segment originating from po{jw;) &s shown in Fig. 4 (a).
This line segment is shifted and rotated to coincide
with the critical line in the value-set of g{jw;). It may
be somewhat confusing to draw a shifted and rotated
copy of the value-set of p(jw;) around the value-set of
g(jw;); however, it is important to understand that it
is the boundary point p.(juw;), not pa (jwi), that is crit-
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ical for the stability analysis when a controller e..(s)
is cascaded with p{s). The properties of the ECPR
weight are summarized in the following theorems.

Theorem 2 The function p.(s) is the exact weighting
function in mized-sensitivity H,, synthesis for design-
ing a robust controller c,.(s).

Proof:
Po(iw)

Following the CPR, definition in (5),

{erc(Jw)pe (jw) — cre(jw)po{iw)]
{ere(jw)]|p. (jw) — po(iw)|
fere(jwilpe{w)

fere(w)flpe (Gw)!

where ¢.(jw)p.(jw) is the intersection of the critical
line originating from go(jw) and the boundary of the
value-set of g{jw) et frequency w. According to Theo-
rem 1, the system with controller ¢,.(s) is stable if and

only if
ky = ” pe(w) " <l
1 %

+ go{jw)i
Since the robust controller c,.(s) is defined as the
marginally edmissible controller at the maximum sta-
bility margin €n4z, the following equality exists,

lereio)llpe(iw)| “ -1

[+ cre(jw)po(iw)]
where p.(8) is assoctated with the valne-set of p(s).
Therefore, p.(s) is the ezact weighting function in the
sense of designing a robust controller ¢,.(s). =

()

o wh

(10)

(1)

Theorem 8 The eract weighting function p.(s) satis-
fies
1

loe()lloo = max {pe(w)} 2 e (12)

Crcld

where T, (s) = TForc(#)pola) *

Proof:  Since the robust controller ¢,.(s) achieves
marginal stability, using the standard H,, notation,
the following inequality holds,

P XYoo} <42, (13)

where v =1 and

[Ter(8}loo S ¥ =1 (14)

Invoking the definition of T,.(s) and replacing Wa(s)
with the ECPR yields

I T2r{5w)leo [ Tur (jw) Waliw)l| oo

Tur(G)peiuloo =1. OO



According to the inequality property of a general norm,

1 Tur Gl llpe(ioo) e 2 [Tur(fw)pe(iw)llee = 1(,1 0
therefore

e = oy — L
"Pe(.?“’)"ao - mwax {pe( )} 2 ”Tur(jw)”oo‘ (17)

Theorem 4 The function p.(s) and the associated
non-conservative controller ¢.{8) satisfy ky = 1 and
"Tzr(s)noo =1.

Prooft These properties can be easily extracted from
theorems 2 and 3. u

4.3 Robust Controllers Synthesis: Controller
Tuning /‘

cris €3} P(s)

Figure 68: The tuning process using a controller c:(s).

Referring to the equality (9), it is clear that conser-
vatism may be introduced using the over«bounding
weight pm(s) instead of pe(s) = [p.(jw) — po(jw)f.
Therefore, even though the interval system is unsta~
bilizable by the MPR weighting approach at ¢ >
€sub—maz; there may still exist other weighting func-
tions which will result in an admissible controller. A
non-conservative robust controller should be designed
using the necessary and sufficient weighting function
pe(3). Unfortunately, the ECPR is defined only after
the robust controller has been specified. To resolve this
seemingly contradictory situation, we propose a tuning
method to find the maximum stability margin én,. and
an associated robust controller e,.(s).

Given a controller ¢(s), the following notation is used:

pelw) .
1eGa)’ (18)

Note that f.{w) is equivalent to the ECPR defined
in (8), but here ¢(s) is not restricted to the robust
controller c..(s). Hence, different ECPR weights exist
for different controllers c{s). Now recall that the sub-
maximal stabilizable uncertainty €sup—mar was found
from the sub-robust controller synthesis algorithm.
Suppose that csus(s) is one of the non-admissible con-
trollers synthesized by the MPR approach at a cer-
tain uncertainty level ¢; that is greater than e,up—maz.

Pelw )*
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Then & simple but effective tuning approach can be
implemented by cascading cyys(s) with the following
simple lead-lag controller ¢;(s) with tuning parameters

k and z: stz
cr(a) =k —— 2 (19)

To reduce the computation complexity, the parameter p
is taken as a constant chosen arbitrarily in the range
1 <p £ 20. In the sequel we use p = 10.

Inserting c,(s) into the loop, & new tuned-ECPR is cal-
culated as

Pe(w)

TG Ipe(dw) — pa(Gw)l  (20)

ﬁe.t (w) =
where p;(jw) is a certain boundary point in the neigh-
borhood of p,(s) {see Fig. 4). Note that now g{s) =

Ct(s)coub(:s)P(S)'

Hence, generally, a new weighting function j, ;(s) is ob-
tained by tuning c.(s). For each 3, (s) resulting from
varying the tuning parameters k and z, a new con-
troller c{s) can be designed by using the H,, synthesis
tool. For each ¢(s), the Nyquist robust stability margin
kn of the system g(s} (i.e., p(a)e(s)) is calculated and
checked. Whenever ky < 1, the uncertainty level ¢; is

stabilizable by using the ECPR weight. The desired pa-
rameters k and z are those for which the corresponding
synthesized controller ¢(s) results in the minimum ky.

Algorithm for Robust Controller Synthesis

Step 1: Let c,u5(8) be the controller synthesized by
using the MPR approach at a certain value of

€k > €sub-may- Define cy(s) = k 2.

Step 2: Fix z at 10, and vary & within a suitable range
about unity, then ealculate j.¢{s) of the system
g(s) = ci{8)caun{8)p(s). Synthesize a controller to
replace ¢,,5{3) using H, synthesis with j.;(s).
Assign c4(8) to ¢fs) in Fig. 1, and calculate kx.
Let k.. equal the value of k which corresponds to
the minimal value of ky. '

Step 3: Fix k at k.., and vary factor z within the
vicinity of 10, then calculate j.:(s) of the sys-
tem g(8) = cp(8)csun{s)p(s). Synthesize a con-
troller to replace ¢,ui(8) using Ho, synthesis with
De,t(5). Assign c,up(s) to c(s) in Fig. 1, and cal-
culate ky. Let z.. equal the value of z which
corresponds to the minimal value of ky. If the
minimal value of £y is less than unity, a robust
controller cr¢(s) is found with the tuning param-
eters kye and 2,.; else the algorithm should be
restarted with €pub—maz < € < €.

The above tuning procedure involves a step-by-step
process, searching alternatively over parameters k



and z. A global search over the parameters k and z
is also possible, but is much more demending. Our
preliminary experience suggests that the simple heuris-
tic algorithm proposed above works quite well as illus-
trated in the following example.

5 An Example
Consider the interval plant

58+ ¢

pis,q) = P ar———

where,

q € [4—e€,44€|,q0 € [2—¢,2+¢},q3 € [~15—¢, —15+¢).

Note that to satisfy Assuﬁlption (A} in Section 2, €, =
7.5 [2] [4].

Following the algorithm for sub-robust controller de-
sign given in Section 4.1, the sub-maximum stability
margin is found to be €,up-maz = 6.2499.

At ¢ > 6.2499, the interval system appears unstabiliz-
able when just using the MPR weighting. However, it
is possible for us to find a larger margin by starting the
tuning process with the controller synthesized by the
MPR weighting at ¢ = 7, namely,

naub(3) .

cnb(8) = 3 ()

Naus(8) = 16981.59255%+220086.47825° +1106292.62845°

+2118935.93235 + 959678.4165
dsu(8) = s°+3377.35665* - 732.48435° — 162509.2866 s
—565429.0321 ~ 296531.9683.

Following the tuning process of the algorithm for robust
controller synthesis, the values k = 0.4, and z = 11.8
are found to result in a robust controller called cr(s)
with which the system in Fig. 1 with e = 7 has ky =
0.9593. And,

creo) = T, (21)

Nre(s) = 134877972s* +-127457.57155° + 372751.78435%
+374990.31345 + 58480.1182

dpo(s) = s°+581.2072s% —29230.17445°~ 131929.4094s°
—143703.84915 — 24276.0372.

The stabitity margin of the system in Fig. 1 with con-
troiler cr.(s) (21) is found to be ey, = 7.1796, which
is very close to the upper bound of the uncertainty
level of 7.5. Note that assumptions (B1) and (B2} are
satisfied for crc(s) (21) at € up to €.
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6 Conclusion

The main contribution of this paper is to introduce
necessary and sufficient weighting functions and to use
the H,,, method in designing & non-conservative robust
controller for systems with parametric uncertainties. A
sub-robust controller synthesis algorithm enhanced by
a bisection algorithm is constructed and then a tuning
procedure is established to find the maximum stabiliz-
able uncertainty. The simulation results demonstrate
that this paper proposes a very promising strategy in
synthesizing robust controllers for systems with para-
metric uncertainties. The future work involves the re-
finement of the turing procedure with a view to formu-
lating a convex optimization problem.

References
[1] C. T. Baab, J. C. Cockburn, H. A. Latchman,
and O. D. Crisalle, “Generalization of the Nyquist Ro-
bust Stability Margin and its Application to Systems
with Real Affine Parametric Uncertainties®, Interna-
tional Journal on Robust and Nonlinear Control, Vol.
11, 2001, pp. 1415-1434,

[2] 8. P. Bhattacharyya, H. Chapellat, and L. H.
Keel, Robust Conirol: the Parametric Approach, Pren-
tice Hall, 1995.

(8] T.S. Cho, 5. W. Choi, and Y. C. Kim, “Robust
Design of PID Controller for Interval Plants", SICE,
Morioka, 1999, pp. 933-936.

[4] K. B. Datta, and V. V. Patel, “H-based Syn-
thesis for & Robust Controller of Interval Plants”, Au-
tomatica, Vol. 32, No. 11, 1996, pp. 1575-1579.

[5] D. Henrion, and O. Bachelier, “Low-order Ro-
bust Controller Synthesis for Interval Plants”, Techni-
cal Report No. 98469, LAAS-CNRS, Toulouse, France,
1998.

[6) Ming-Tzu Ho, A. Datta, and S. P. Bhat-
tacharyya, “Design of P, PI and PID Controllers for
Interval Plants”, Proceedings of the ACC, Philadelphia,
Pennsylvania, USA, 1998,

[7] B. Jj H. A. Latchman, and Q. D. Crisalle, “In-
terpretation of Static-Weight M-Infinity Design Ap-
proaches for Interval Plants”, Submitted to CDC2002,
2002,

[8] H. A. Latchman, O. D. Crisalle, and V. R.
Basker, “The Nyquist Robust Stability Margin - A New
Metric for Robust Stability of Uncertain Systems”, In-
ternational Journal on Robust end Nonlinear Controi,
Vol. 7, 1997, pp. 211-226.

9l  Mu Toolboz, the Mathworks Inc.



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 
	Intentional blank: This page is intentionally blank


