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Abstract

The Nyquist robust stability margin is. proposed as a
measure of robust stability for systems with affine
parametric uncertainty. The work extends the critical-
direction theory to include nonconvex critical uncertainty
value sets through the imtroduction of a more general
definition of the critical perturbation radius. The
approach is specialized to the case of real parametric
dffine uncertainty models, and it is shown that the critical
perturbation radius can be calculated precisely using an
explicit map from the parameter space to the Nyquist
plane.

1. Introduction

The stability analysis of feedback control systems in the
presence of modeling uncertainty is the subject of extensive
studies; in particular, the class of structured uncertainties
where the parameters of a transfer function vary in
prescribed real intervals is relevant to many engineering
applications. Early advances in this field are due to the
well-known theorem by Kharitonov (1979) that gives
conditions for the stability of polynomial systems with
coefficients that belong to a rectangular polytope.
Extensions of Kharitonov’s work to rational functions
make use of standard frequency-domain techniques such as
Nyquist plots and the small gain theorem. These methods
are based on determining the stability of a set of
Kharitonov plants (or extreme plants) derived from an
interval plant description where each coefficient of the
numerator and denominator polynomial varies in a fixed
interval. The number of extreme plants required varies
with the technique utilized. Chapellat et al. (1989) suggest
a method which involves checking the stability and
calculating H,, norms along a finite number (at most 32)
of extreme segments called Kharitonov segments. Barmish
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et al. (1992) prove that it is necessary and sufficient that
sixteen of the extreme plants be stable, and under certain
conditions only eight or twelve are necessary. Bartlett et
al. (1990) give conditions that use 32 one-dimensional
subsets of the interval plant. ‘

Auvailable results for interval plant descriptions enable
the development of computationally manageable methods
for solving a wide range of robust stability analysis
problems. However, it is usually the case that each plant
coefficient depends on more than one uncertain parameter.
One such uncertainty description occurs when the plant
coefficients are affine in the uncertain parameters.
Unfortunately, the extension of Kharitonov’s approach to
the case of affine uncertainties is not straightforward.
Nevertheless, Fu (1990) presents comprehensive results
that are useful for quantifying an entire uncertainty value
set in the Nyquist plane for plants with affine parametric
uncertainties. = A remaining challenge is to utilize these
results to produce a scalar measure of robustness analogous
to the well known structured singular value (Doyle, 1982)
and the multivariable stability margin (Safonov, 1982)
paradigms.

This paper proposes an alternative method that is
applicable to both interval and affine perturbations and is
based on using the Nyquist robust stability margin ky(w)
as a measure of robust stability. The technique extends the
critical-direction theory developed by Latchman and
Crisalle (1995) and Latchman et al. (1997) by considering
nonconvex critical uncertainty value sets. A general
definition of the critical perturbation radius p (@) used
in the calculation of ky(w) is proposed to take into
account nonconvex critical uncertainty value sets. The
new general theory is applied to the case of systems with
real parametric affine uncertainties. Earlier results of Fu
(1990) are combined with an explicit map from the
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parameter space to the Nyquist plane to calculate the
required critical perturbation radius with high precision
and efficiency.
2. Preliminaries

Consider the single-input single-output system

8(5) = go(s) +(s) 0))
where g,(s) is a known nominal system and &(s) €A
represents a linear perturbation. The focus of this analysis
is on the stability of the closed-loop system that results
when the uncertain plant (1) is configured in the unity
feedback control structure shown in Figure 1.

g(s) .

+

Figure 1. Uncertain plant feedback structure.

Under the standard assumption that A is such that g(s)
and g,(s) have the same number of open loop unstable
poles, it then follows that the stability of the system can be
assessed using the approach of Latchman and Crisalle
(1995) and Latchman er al. (1997), a frequency-domain
robustness analysis technique that makes use of several
objects defined in the Nyquist plane as shown in Figure 2.
Of particular importance are the critical direction
C N 1+go(jﬂ))
4Ue): |1+ go(o)|

which is interpreted as the unit vector from gy(s) to the
critical point -1+j0, and . the critical line
r(w):= gy(jw)+ad (jw), a =0, which is interpreted as
the directed line (i.e., a ray) which originates at the
nominal point gy(s) and passes through the critical point
~1450. The uncertainty value -set (or template)
Wo):={g(jo) | gliw) = g(jo)+5(m), &(s) eA% is
the image of g(s) on the Nyquist plane, and the critical
uncertainty value Set V() := V(@)Nr(@) is defined as
the intersection of the uncertainty value set with the critical
line. The critical perturbation radius is defined as

po(w)= max {a|z=gy(j®)+ad,(jo) eV(w) } (2)

for the case where %)(w) is convex (Latchman et al.,
1997). In order to account for those cases where 7/,(@) is
nonconvex, we introduce the following new and general
definition for the critical perturbation radius:

| 1+ go(j@) |- £Uw) if -1, (a)

pe(@) :={[ 1+gy(jo) |+&(j@)  otherwise
where

&Uo):=min{ o] |z =-1+ad,(j0) V(@) |

Finally, for either definition of the critical perturbation
radius, the Nyquist robust stability margin is defined as

©))
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Figure 2. Typical uncertainty value set ¢(w,) at
frequency @; and its critical perturbation radius
p.(@,). Also shown in the figure are the critical
line r(w,) and the nonconvex critical uncertainty
value set 1 (@) . ‘

From Figure 2 it follows that at each frequency @ the
critical direction d.(j®) may be interpreted as a unit
vector with origin at the nominal point g,(jw) and
pointing towards the critical point —1+j0 on the Nyquist
plane. The figure shows a nonconvex bounded uncertainty
value set ¥(w). Also note the nonconvexity of the critical
uncertainty value set, 1/(@) , which is in fact the subset of
1(w) that lies along the straight-line segment joining the
nominal plant g,(j®) and the critical point —1+70.

The main result of the critical direction theory is stated
in the following theorem.

Theorem 2.1. Consider the uncertain system g(s)
given in (1) and suppose that the nominal system gy(s) is
stable under umity feedback, and that g(s) and g,(s)
have the same number of open-loop unstable poles. Then
the uncertain closed loop system is stable under unity

Jeedback if and only if ky(@0)<1 Vo.

A complete proof is given in Latchman and Crisalle
(1995) and in Latchman et al. (1997), for the case where
Y.(w) is convex. The extension of the proof to the
nonconvex case is straightforward, and is omitted here for
brevity. Note that k(@) serves to quantify the robust
stability of the closed-loop system, and it is obtained from
knowledge of the critical perturbation radius p.(@). The
challenging task is in fact the calculation of the critical
perturbation radius.

When ¥,(w) is convex, definition (2) indicates that
p.(@) represents the distance between the point go(s)
and the point where the critical line intersects the boundary
of 9.(w). On the other hand, when 7/,(@) is nonconvex
there are multiple points where the critical line intersects
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the boundary of ¥(@); in such cases equation (3) shows
that p_ (@) is a function of the distance between gy(s)
and the particular boundary intersection point that is
closest to the critical point -1+j0. Under this
interpretation it follows that definition (2) is a special case
of the more general definition (3). Since in many cases the
convexity of /(@) for all frequencies may not be known

a priori the new definition of critical radius allows the -

application of the critical direction theory to a more
general class of uncertain systems.

The Nyquist robust stability margin ky(®) computed
using the general definition (3) for p, (@) is attractive
from an analysis standpoint because through Theorem 2.1
it gives necessary and sufficient conditions for robust
stability. On the other hand, if the Nyquist robust stability
margin is computed using definition (2) for p (@), then
the condition ky(w)<1 Ve is only sufficient for robust
stability when %.(®) is nonconvex. From a synthesis
standpoint, assuming convexity of the critical value sets
may result in more conservative controllers, the price paid
_ for reducing the complexity of the computations. It must
be remarked, however, that when 9/,(@) is in fact convex,
using definition (2) for p (@) makes ky(w)<1 Vo a
necessary and sufficient condition for robust stability;
hence, in such cases controllers designed using this
definition are not conservative. It is the observation of the
authors that in most practical problems the critical value
sets are indeed convex. It must also be emphasized that
the uncertainty value set 9(®) itself does not have to be
convex for the critical uncertainty value set 7,(@) to be
convex. Therefore, from a practical point of view the less
complex definition (2) for p_.(@) is appropriate for design,
even though there may be some conservatism when the
uncertainty induces nonconvex critical value sets.

3. Affine Uncertainty Structure and
Value Set Properties
The generalized critical direction theory presented in the
previous section can be applied to systems with the
structure

P
no(s) + 2 q;n;(s)
gls,q) = ——=—
do(s)+ ) 4:di(s)

=]
where ny(s) and d,(s) are nominal polynomials, »,(s)
and d(s) are perturbation polynomials, and
q=[q1,q2,...,qp]T is the perturbation parameter vector
belonging to the bounded rectangular polytope
Q={q eR? ] g <q; Sq?,i=1,2,---,p}

Clearly, (4) defines a class of finite dimensional, linear,
time-invariant, real, and affine parametric uncertainties.

Fu (1990) presents two useful properties of the
uncertainty value sets generated by systems with this

> 90 (O]

uncertainty structure: (/) the boundary 8v(w) of the
uncertainty value set 9/(w) at each fixed frequency is
mapped by the edges of O, and (ii) the image on the
Nyquist plane of each edge of Q is either a circular arc or a
line segment that can easily be calculated analytically.

4. Computation of the Critical
Perturbation Radius

The computation of the Nyquist robust stability margin
ky(®) requires that the critical perturbation radius
p.(@)be calculated first. This requires finding the point
of intersection of the critical line with the point on the
boundary of the value set that is closest to the critical point.
The calculation must be carried out at each frequency. For
the case of affine-uncertain systems of the form (4), the
intersection point in question can be identified using an
effective strategy consisting of two steps. Let 0V(w)
represent the boundary of the uncertainty value set V(@)
and E(Q) represent the edges of the polytope Q. The first
step consists of finding the set of points I= { ®,(jw), n=
1, 2, ..., k} that correspond to intersections of the critical-
direction ray r(w) with g(jw,E(Q)) (ie., the image of -
the edges of Q). This reduces to a simple problem in
computational geometry after recogonizing that Fu’s work
shows that g(jw,E(Q)) is a collection of circular arcs and
straight-line segments. Further details are given in Section
4.1. Note that all the points in I are elements of 7.,(@)

because each point in turn belongs to »(@); however,
some of these points are not necessarily elements of
oV(®).

The second step consists of selecting one point @,(jw)
from the set of intersections J such that (i) @.(j@) belongs

- to 9V(w), and (i) ®.(jw) is closest to the critical point

-1+j0. When 9,(w) is convex it is straightforward to
conclude that @ (jw) is simply the point in 7 that is
farthest away from the nominal point g,(jw) because, due
to convexity, this is in fact the only element of I that is also
an element of 8¥(w). This satisfies requirements (7) and
(#). On the other hand, when %,(w) is nonconvex, the
procedure is slightly more complicated since two cases
must be differentiated depending on  whether
-1+ j0 ¢ ¥,(w) (case 1) or -1+ jO €V,(®) (case2). Case
1 is the simplest since ®,(j®) is naturally the point in J
that is closest to the critical point -1+j0. This point
satisfies requirements (7) and (ii) because when -1+ j0 is
not in 9/,(w) the point on I that is closest to -1+ j0 is
necessarily on 8¥(w). Case 2 is a somewhat more subtle
case, but nevertheless still fairly straightforward. Without
loss of generality, let’s assume that the points in I are
ordered in increasing distance from the nominal point, and
that ®(jw) and ®,.(jw) are respectively the closest and
farthest points from gy(j@). Now consider successively
all the straight-line segments &,@,,,, n=1, 2, ..., k-1,
defined by adjacent intersections points @,(jw) and
®,,1(jo), and identify the set I consisting of all the
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points @ (jw) and &,,,(jw) that define segments whose
midpoints lie outside 7,(w) (these are of course those
segments whose points are outside 7/(@) ) except for the
end-points ®,(jw) and @,,,(jo) which are necessarily
elements of 9v(w)). Finally, define @,(jw) as the
element of I’ that is closest to the critical point -1+ jO.
Clearly, this point satisfies requirements (7) and (i), and
thus the method successfully identifies the point sought.
Note that the procedure discussed in this paragraph
requires a method for determining if -1+ ;0 e, (@);
furthermore, case 2 also requires determining if the
midpoint of a segment on the Nyquist plane lies on 7,(@).
This problem is solved in Section 4.2 where a test is
presented to determine whether a given point on the
Nyquist plane is an element of 7,(@) .

4.1. Intersection of a Ray and Arcs in the Complex
Plane

The basic geometric objects of interest are lines, circles,
rays and arcs. A line passing through two points
Dos 2y €C can be represented by

L(po, 1):={2z€C|z=py+1(p,-py), t€R} (5)
The same relation can be used to represent a ray,
r(py, py) with origin at p, and pointing towards p; by
restricting the parameter ¢ to non-negative values. A circle
with center at z, and radius r, satisfies the relation

C(zo,ro):={z eCl(z—zo)(z—zo)=r02} ®6)

where ry eR] and R} :={x eR|x>0}. Therefore, two
parameters are sufficient to define a circle. On the other
hand, three parameters are required for an oriented arc that
passes through the three points a,,a;,a, €C, in that
order, and will be described implicitly by the ordered
triplet a(ay, a;,a,).

The cross product of two vectors is useful in.
determining the relative positions of points and the

orientation of rays and arcs in the plane (Cormen et al.,
1990). Let py, p, eC. The cross product of p, and p,
can then be defined as :

Po x py :=Im{p,p,} i
The sign of the cross product determines the relative
orientation of p, and p, with respect to the origin: p,
lies to the left of p, if pyx p, <0, p; lies to the right of

Po if pyxp,>0, and p, and p, are collinear if.

Poxpy=0. The cross product can also be used to
determine the direction in which a circular arc “turns”.
Let a(ay,a,a,) be an ordered triplet defining a circular
arc that starts at a, , passes through a;, and ends at a, .
Then, the arc turns left (right) if (a, —a,)x(a; —a,)
>0(<0). If (a, —ay) x (@, —ap) = 0 then the three points
are collinear and the arc degenerates into a line segment.
The arc a(ap, a4y, a,) is said to be positive (negative) if it
turns left (right).

The following three-step strategy to compute the
intersection of a ray and a finite number of arcs is
proposed: (i) find I=LnNC, the intersections (if any) of
the supporting line (i.e., the line that contains the ray) and
the supporting circles (i.e., the circles that contain the
arcs), (if) find I, =rnI, the intersections of the ray and
the supporting circles, and (iii) find I, =anl,, the
intersections of the ray and the arcs. Consider a ray
r(py, p;) and an arc a(a,,a;,a,) with supporting line
L{py, p,) and supporting circle C(z,,7) given by (5) and
(6), respectively. The intersection of the supporting line
and circle, I, is determined by the real solutions of the
quadratic equation at? +bt+c =0, where

2
a=lP1 —Pol

b=2R°{(P1'Po) o‘zo)}
(:=|p(-,|2 +|zo|2 -(r2 +2Rs pozo})

It readily follows that there are no intersections if the
discriminant d = b? —4ac is negative. Furthermore, if the
determinant is zero the line is tangent to the circle and
there is only one intersection. Finally, there are two
intersections when the discriminant is positive.-Let {t,}, i
=1, 2 denote the real solutions to the quadratic equation
for the case where the discriminant is positive. To find
I, <1, it is sufficient to discard the points that correspond
to negative values of ¢,. Finally, I, cI, can be
determined using the cross product. Consider an arc
a(ay,a,a,) and the potential intersection points
I, ={w,,w,}. Then w, belongs to I,, if and only if the
arcs a(ay,ay,a,) and a(ay,w;,a,) are both positive or
both negative (i.e., they turn in the same direction). In the
implementation of this algorithm care should be taken to
consider all degenerate cases; the details are omitted here
for brevity.

4.2. Uncertainty Value Set Membership

The uncertain system given in (4) with affine parametric
uncertainty can be represented in the vector-matrix form

BEE (F"oo- (ny nyy - ’70;;1 7
o N LI R
8(s,q) 5™ o] [P M "mp || 9p
5,q)=——: I
17 [doo dyy dpp - dOp (41 .
s dyo . dy dyp - dy,|lg; ™
[s"] [9m0] (9 dm2 =+ dp |4,

- s,,T (no +N pq)
s5(do+D,q)

where s, and s; are vectors of length m+1 and n+l,
respectively, containing powers of the Laplace variable s,
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and where m, eR™!, d, eR™", N, eRE@XP) apg
D, e eREVP) gre constants that represmt the structure
of the affine parametric uncertainty. The Nyquist image
g(jo,q) of (7) is obtained by evaluating the vectors s,
and s; at s=jw toyield

sT, =[1 jo -o* -jo’ o ]

80 =[l jo -o* -jo’ ot ]
Now the vectors s,, and s, , , which are constants for a
particular @, and no, Ny, do and D, can be separated into
real and imaginary parts. Consider the definitions

s,,R [1 -0’ o -0 ]

's,,,,=[m -0 o -o

]
s,f’R=[l -0 o' -0° ]
]

shy =[m -0 o -0’
and
Noo 10 (mi1)2
mt)
no g =|ny eRIM2M . p ) =ny er[™)72]
-"01 Noy "0p—
_ (rmlﬂ-l-l)xp
NPrR =Ry Ny nzp e€R
KRS nlp-
_ r(ml)/Z]xp
Nprl - n31 n32 b n3p GR

doo

10
dog=|dn eR/ n/2]+l’ do; =|d eR[(m)/z]

30

[dur dop - doy ] (2 }w1)
Dp,R= dz] dzz wee dzp ER " P
L : : .
-du dyp - dlp-
D, =|dy dy -~ ds, eR]’(»x-n)/z]xp
| : : :

where fo'] represents the greatest mteger function. Using
this notation the uncertain system becomes
. n,R("O,R p.Rq)+]an (”o,l +N Jq)
g(.’ ®,q) = T LT
sir(dor+Dpra)+ s s (dos +Dp )
Now consider a point w=wg+jw,; €C with finite
magnitude. To determine if the point w is a member of
the value set 9(w) for a particular frequency, it must be
determined if there is a vector geQ such that
g(jo,q)=w. Using the previous notation this is
equivalent to solving the equation

s,{_R(no,R +Np,Rq)+js,{,,(no,, +NpJq)

=[sf’k(do_k +Dp.Rq)+jsdTJ(do,{ +DpJq)](wR +jw;)
Equating the real and imaginary parts and rearranging
terms yields

T
Sn RNpR WdeRD R +Wlsd’1DpJ
N pd _szd,IDpJ -wlsd,RDp,R (8)

‘an Mo +WeS,, 1’1 ost wIsd,Rd O,R
which is of the form

- I:“s"’RnO,R +szd,Rd0,R —WISdeoJ]

A(w)q =b(w) ®
where the real matrix A(w) eR¥” and the real vector
b(w) eR? are dependent on the uncertainty structure and
the particular point w. The latter equation is a system of
two linear equations with an unknown vector q. The
solution represents all the points g in the parameter space
that map under g(jw,q) to a point w in the complex
plane. Therefore, to determine if an arbitrary point w eC
is a member of the value set, it suffices to determine if
there exists a solution q €Q to equation (9). This is a
standard linear equality/inequality feasibility problem of
the form: does there exist ¢ € R? that satisfies equation (9)
subject to the constraints

1 0 o -] ar
-1 0 0 q7
0 1 0 q;
0 -1 0 - 5
: s o
0 - 0 1 a7
L0 - 0 -1} |q}]

The solution can be found in many linear programming
references (see Luenberger, 1984, for example).

5. Example
Consider the uncertain system
) = 5% +(4+04q; +029,)s+(20+¢, - g5)
d(s.q)
where

d(s,q) = s* +(95+05¢, —05¢; +05¢5)s’
+H27+2q, +q, )s2 +(225~q, +4q5)s+01

10)

and

(91:92,93) €0 ={(21,92,93) | -3¢, <3, i=123}
System (10) is a modified version of the model investigated
by Fu (1990). Note that the transfer function coefficients
depend affinely on the parameters ¢ €Q. The goal is to
analyze the robustness of the proportional-derivative
controller c(s)=03s+1.
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The system g(s,q) = p(s,q)c(s) can be written in the
form (7). The nominal plant g,(s) = g(s,q,) is obtained
with gq =(0,0,0). For this particular system, the Nyquist
robust stability margin k(@) and the critical perturbation
radius p, (@) can be calculated for any frequency using
the method described in Section 4. Theorem 2.1 can now
be employed to assess the robust stability of the system
under unity negative feedback. This requires that
kn(@) = p(0)f| 1+g(j®)| be less than 1 for all
frequency. Note that it is not feasible to calculate p (@)
for all frequencies. Instead, p,(@) is determined for a
sufficiently large number of frequencies. For this example,
po(®) and ky(w) are calculated for a sequence of 100
frequency points equally spaced in a logarithmic scale in
the range [0.001, 10]. The results are shown in Figure 3
and Figure 4. From Figure 4 it is readily concluded that
ky(@)<1l V@>0. Therefore, the system is robustly
stable for the given controller.

20 T

2 -1 0 1

10° 10 10 10 10

Figure 3. Critical perturbation radius p (@) for
the example.

0.5 ¥ i |

3
10

()]

Figure 4. Nyquist robust stability margin ky(@)
for the example.

6. Conclusion

The Nyquist robust stability margin k(@) is an effective
scalar measure of robust stability. The key advance is the
introduction of a general definition of the critical
perturbation radius o, (@) that can account for nonconvex
critical uncertainty value sets. This generalization of the
critical direction theory is illustrated for systems with
affine parametric uncertainty for which the critical
perturbation radius can be calculated precisely and
efficiently with no computational issues. The calculations
involve straightforward planar geometry operations and the
solving of simple linear equality/inequality feasibility
problems.
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