Proceedings of the 1998 IEEE
International Conference on Control Applications

Trieste, Italy 1-4 September 1998

TPOS

The Critical Perturbation Radius Weights
in H, Synthesis for Interval Plants

H.A. Latchman Kali-Nicole Hodge*

Abstract

In this paper the Ho synthesis of robust controllers
for interval plants is considered. Generally, the uncertain-
ties which the H., method deals with are modeled as non-
parametric (norm-bounded) uncertainties, and a weight-
ing function is used to specify the frequency-selective ef-
fects of the uncertainties. The first attempt to deal with
the synthesis problem for a SISO interval plant using H,
methods, used the Maximum Perturbation Radius (MPR)
as the weight. Unfortunately, the MPR, which only yields
a sufficient stability condition, not only introduces con-
servatism but also becomes computationally inefficient for
general interval perturbations. The more recently intro-
duced Critical Perturbation Radius (CPR) yields neces-
sary and sufficient conditions for robust stability and is
thus an ideal candidate for a systematic methodology in
defining non-conservative Ho, uncertainty weights. This
paper illustrates the application of the CPR weights and
shows that significant improvements can be obtained by
using the Critical Pertrubation Radius rather than the
Maximum Perturbation Radius.

1. Introduction

In recent years there has been much progress in the
analysis of the stability properties of systems in the
presence of parametric uncertainties. (See for example
[16],[171,[3] and [2].) Of particular interest in the context
of this work are the results which provide stability re-
sults using the frequency response of the nominal system
together with uncertainty templates in the frequency do-
main. Unfortunately, for general classes of interval plants,
the uncertainty templates in the frequency domain are
irregular in shape and this has resulted in conservative
stability results. For example, it is common to replace
the irregularly shaped uncertainty templates by an over
bounding disk whose radius (its Maximum Pertrubation
Radius (MPR)) is precisely the largest deviation, at each
frequency, of the uncertainty template (in any direction)
from the nominal frequency response point.

The first attempt to use Heo synthesis methods for a
SISO interval plant was made in [1]. There, a Maximum
Pertrubation Radius is selected as the uncertainty weight.
However, the results in [1] not only introduce conservatism
but apply to one restricted uncertainty - the case of linear
interval perturbations. Moreover, for general interval un-
certainties, the computation of the MPR turns out to be
tedious and more importantly, the MPR only gives suffi-
cient conditions for robust stability.

In this paper we use the recently proposed Critical Di-
rection Method (CDM), which yields necessary and suffi-
cient stability conditions. It is applicable to a large class
of important interval plants. Instead of using the MPR
defined earlier, the CDM approach uses the Critical Per-
turbation Radius (CPR) which is a measure of the devi-
ation from the nominal frequency response of the uncer-
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tainty template along the "critical line” joining the nom-
inal frequency response for the (-1 + 70) point. Thus,
the CPR exploits the directionality properties of the un-
certainty template (which is surrounded by the MPR) to
yield less conservative stability conditions. In the paper
we use the CPR rather than the MPR for defining appro-
priate weights for an H, controller synthesis for interval
plants.

The rest of the paper is organized as follows. Section
2 presents some necessary background and preliminary re-
sults on the CPR and MPR. Section 3 gives the formu-
lation of the CPR weighting for the design problem. In
Section 4 we design H., controllers using constant and
frequency dependent CPR and MPR weights. Our re-
sults show that the CPR not only yields better robustness
margins, but also gives better rejection of the effects of
uncertainties as measured by the time response. Our con-
clusions and some comments on future work are given in
Section 5.

2. Preliminaries
In this section preliminary results and notation from
{1} and [2], are reviewed. Consider the linear uncertain

system
9(s) = go(s) +4(s) (1

where go(s) is a known nominal system and 4(s) is a per-
turbation that represents the modeling error. The pertur-
bation §(s) belongs to an uncertainty-description set d,
which describes the allowable set of interval uncertainties.

2.1. Maximum Perturbation
Radius Weight
The MPR of the value set is defined in [1], and illus-
trated in Figure 1. The largest perturbation radius for
each frequency M PR(w) is defined as

MPR() = bmax(j) = max|g(jw) - o)l (2)

The largest M PR(w) over all frequencies will be de-
noted by the constant,

MPR é mjx\&mx(jw)\ = ”‘SmaX(j"‘))Hoo' <3)

For the linear perturbation case, at eachfrequency the
MPR in the family of transfer functions g(s), will corre-
spond to a point on one of the extreme segments, which
is defined by the Kharitonov segments [1]. Searching for
the MPR for the linear perturbation case is very simple
for there are only at most sixteen extreme segments to be
considered. For other types of perturbations the extreme
segments are not as well defined and the search for the
MPR becomes quite tedious. Moreover, since the MPR
weight only provides sufficient conditions for robust stabil-
ity conditions for robustness is desired. The CPR method



Figure 1: Conservativeness of Maximum Radius

yields an efficient and non-conservative robust stability
result which makes it an ideal candidate for generating a
more appropriate H., weight.

2.2. Critical Direction and Perturbation
Radius

Latchman and Crisalle [2] propose a frequency-domain
robustness analysis technique, the critical direction theory,
that makes use of the following objects:

1. The nominal frequency-response go(jw).

2. The critical line, defined on the directed line which
originates at the nominal point go(jw) and passes
through the critical point —1 + 50.

3. The Critical Direction
_ 1 -+ go(jw)
11+ go(jw)|’

The unit vector that defines the direction of critical
line.

djw) = (4)

4. The Uncertainty Template (or value set)

T(w) = {g(jw)lg(jw) = go(jw) + d(jw),
3(s) € d}. (5)
5. The Critical Uncertainty Template
Te(w) = {9(jw) € T(w)lg(jw) = go(jw) + ad(jw)},

for some o € Ry. (6)
6. The Critical Perturbation Radius (CPR) ttfamily

pe(w) = aggﬁ{&lz = go(jw) + ad(jw) € Te(w)}. (7

7. The Critical Locus
he(jw) = go(jw) + pe(w)d(jw). (8)

At every frequency, p.(jw) represents the element of
T.(w) that is closest to the point —1+- 30 along the critical
direction.

Note that at every frequency w, the critical direction
d(jw) may be interpreted as a unit vector with origin at
go(jw) and pointing towards the point —1+ j0. Also note
that o, represents the set of perturbations with frequency
response lying along a straight-line segment that joins the
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points go(jw) and —1 + 50. The critical radius is illus-
trated in Figure 2, which shows that p.(w) is determined
by the intersection of the boundary of the template with
the straight-line segment that joins go(jw) and —1 + j0.
The necessary and sufficient stability condition of the CPR
is given in the next theorem. Figure 1 illustrates the CPR
and MPR and Figure 2 shows the critical direction for
typical uncertainty templates.

Theorem 1 [2] Consider the uncertain system (1) and
suppose that the nominal system go(s) is stable under
unity feedback, and that g(s) and go(s) have the same

number of open-loop unstable poles. Then the uncertain
system is stable under unity feedback if and only if

pe(w)
1+ go(jw)l

The calculation of p.(w) is based on the description
of the boundary of the value set [2]. The CPR’s depen-
dence upon the value set makes the results in this paper
applicable to general perturbation intervals such as multi-
linear, multiaffine and nonlinear perturbation ([3],[4],[5]).
For simplicity, the discussion will be focused on affine in-
terval descriptions of the type

g(s,q) = ggg

where the coefficients of N(s,q) and D(s,q) are affine
functions of ¢ = (q1,¢2,...,¢n) € @, and @ is a hyper-
cube. Also, let 8Q denote the edges of Q, and dg(jw, Q)
denote the boundary of the value set in the Nyquist plane.
Then the Critical Perturbation Radius (CPR) p, can be
found by searching the edges of @ which intersect the
critical direction.

The collection of p.(w) over all frequencies forms a
Critical Perturbation Locus. A rational transfer-function
approximation p.(s) can then be found using a numerical
inversion technique, such as the method of [7]. This p.(s)
then can be used to define the uncertainty weight needed
for the Hoo synthesis method.

< 1,Vw. (9)

(10)

Boliw)

Figure 2: Critical Direction and Critical Radius

3. Critical Perturbation Radius Weight

Consider the uncertain system with unity negative
feedback as shown in Figure 3. This classical feedback
diagram can be converted to the now standard Linear
Fractional Transformation (LFT) representation shown in
Figure 4 and 5. The objective of H, control is to min-
imize the effect of the uncertainty 4(s), on the output,
|E2IPS

il ?

which is accomplished by minimizing the ratio over

all possible inputs, w. It turns out that



lizlly &
=T, (s = sup |1, {(w)|,
weL:gHng “ ZUJ( )Hoo wpl ZU)( )l

(11)

where L, is the set of square integrable functions and T,
is the transfer function from w to z.

Thus, the objective of the H, controller in this case
is to minimize T,,, where z = T, (s)w. From Figure 5
we have,

z = 0(s)u = 6(s)C(s)[w — goul,

(12)
z=06(s)C(s)w — go(s)C(8)d(s)u, (13)
_ [ C(s)d(s)
= [Fracm .
or
_ _C(s)d(s)

Tow= 1+ goC(s)’ (15)

Notice that without the controller, (C(s) = 1)
Il = | 5] (16)

which is identical in form to the expression appearing in
Theorem 1,

pe(w)

|1+—SJOGW_)| < LVw (17)
pe(w)

[ratal. < 1)

where, p.(s) is the transfer function approximation of the
Critical Perturbation Radius (CPR).

7

“’TLI Cls) ‘“.' BE) =g d5) + &s) :L,,j,:.
L I

|

Figure 3: Uncertain System with Unity Negative Gain

P(s)

Figure 4: General Linear Fractional Transformation (LFT)
Representation

Clearly, p. is precisely the weighting function which
captures the necessary and sufficient stability condition
and thus can be used for non-conservative design.

For a given p. obtained from a CPR analysis of the
nominal system with C(s) = 1, we can design an Heo,
C(s). In the next section we discuss the design procedure
and give a comparison between the MPR and CPR based
weighting strategies. Naturally, the controller, C(s), will

2
3(s)
!
LA D) o) }_,_..‘ ki
u |

I

Figure 5: LFT Model for Interval Plant Feedback System

modify the orientation and size of the uncertainty tem-
plate. This observation suggests that an iterative design
procedure should be used to obtain the best results. This
process would be similar to the now well known D-K iter-
ation associated with u - synthesis for structured uncer-
tainties, and is the subject of ongoing research.

4. Hyo S{nthesis For Interval Systems

Consider the interval plant feedback system shown in
Figure 3. This system can be modeled as a nominal plant
with weighted perturbations, as shown in Figure 4, where
9(s,q) is an interval plant with parametric uncertainties
described by ¢ (Eq. 10). Figure 4 is the general setting for
the Hoo synthesis method. Now having found a suitable
weight to effectively represent the perturbation of interval
plants using the CPR method, the Ho, synthesis problem
for an interval plant can be solved.

In what follows we assume that the system matrix
P(s) in Figure 4 has the state-space representation:

z = Ciz + Dysu (20)
y = Cox + D21w (21)

4.1. Ho Solution By Two Ricatti Equation

Although the solution of H, problem has numerous
methods, we chose the simple 2-Ricatti equation for the
purpose of comparison with the results found in [1]. Find-
ing the H o, solution of 2-Ricatti equation begins with solv-
ing two Hamiltonian matrices of the form

A -R
-l i),
with @ and R symmetric, but not necessarily positive def-
inite. The associated Riccati equation is,

(22)

ATP+ PA—PRP+Q=0. (23)
The ., solution requires solving 2-Riccati equations gen-
erated from two Hamiltonian matrices, which respectively
represent the controllability and observability:

_ A ’YQBl B,IT - Bng
Hc - [ __C;]“Cl —-AT (24)
and - AT v2CTC, - CTCy (25)
t=| -BBY -A :

For solving the Riccati equations associated with these two
Hamiltonian matrices, there are several assumptions that
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are made about the Hamiltonian matrices [15][10]. Basi-
cally the solution P, and Py of Riccati equation associated
with H. and Hy are required to be positive semi-definite

and max{A(P.Ps)} < v~?. Then there exists a controller

C(s)z[}j‘f %]

where

= A+ (y*B1Bf — B:B)P,

—(I =y’ P.Pp)" Py C] Cy
(I —4?P,P;)~LP;CT
—-BIP.

A
B - (26)
F, =

The objective criterion of an H, design is to limit the

uncertainty effects on the system, such that there exists a
necessary and sufficient condition for robust stability

1Twz(8)lloe < 7-

The vector z represents the effects from w, and it should
be kept small. The design objective is to keep the norm of
the transmission, T, small. More precisely, the smaller
v is the better the design. In the following example four
selected weights, as shown in Figure 6, are used to illus-
trate the effects of the constant and frequency dependent
MPR and CPR weights.

Implementation Procedure Given an interval plant
g(s,q) where ¢ is the interval in parametric space , the
implementation procedure is outlined as follows:

1. Calculate the p.(w) for each frequency, then find a
transfer function h.(jw) = p.(w).

2. Derive the weighting function W.

3. Implement plant augmentation

A i By B
b | ”
(s) ¢, 0 Dy 27)
Co Dy O

4. Solve the 2-Ricatti equation and obtain the con-
troller from equation (26).

4.2. Example

Given an interval plant {1]

(5s +q1)
P(s,q) = 50—,
(:9) s2+q2s+ s
with intervals
g €E[d—ed+e, g €2—¢€2+¢€, g1 €[-15—¢,—15+¢]

The state-space representation and uncertainty input-
output matrices are:

=7 8] m- (8] 2-[d)

¢y
Dll

Il

0; Diz=r; Da=1

Il

Dy =0

The largest value of the perturbation, € (namely the
stability margin), may be computed using the sixteen
plant Kharitonov model as in [1], to get e=2.83. For

this value of € , the constant Waspr 2 maz, MPR(w) =
0.395.

In addition, for ¢ = 2.83 we also calculate the fre-
quency dependent M PR(w) for a range of frequencies and
obtain a transfer function

0.14(s + 0.06)
%4 =
mPR(s) (s +1.3)(s + 2.4)’ (28)

as the dynamic MPR weighting function. Using the CDM
and the bisection algorithm described in élS&we obtain
P

the Critical Pertrubation Radius and the weighting
function
0.0172s% + 0.2135s + 1.0163
Wopr(s) = (29)

s? + 2.3805s + 5.7462

To facilitate comparison with the constant MPR sig-
nal weight Wy pr, we also calculate the constant CPR
weight

Wepr = max [pe(w)] . (30)

Figure 7 shows p.(w) and its functional approxi-
mation Weopgr(s). Heo controllers were obtained using
Dyo = Wirpr and Wepg as well as by using Waspr(s)
and Wepr(s) in the plant augmentation. Table 1 shows
the resulting ||T%. |, in each case and Figure 8§ shows the
corresponding frequency response of T, (s) (To facilitate
comparison, in all cases we take v = 1). At the same peak
level, the dynamic weight design shows a better capabil-
ity to cope with the uncertainty. We find that the design
with the overbounded constant weight does not result in
a better uncertainty rejection.

.

g

...........

Figure 6: Four kinds of weights used in the example (a)
Constant MPR. (dashed line marked by '+’), (b)
Dynamic MPR, (solid line marked by '+’), (¢) Con-
stant CPR (dashed line marked by ’o’), (d) Dy-
namic CPR (solid line marked by ’o’)

5. Conclusion
The main contribution of this work is the develop-
ment of a systematic method of choosing the exact weights
which allows for interval plants to be robustly controlled
using the Ho, synthesis tools. By using the CPR, the re-
sults of this paper provide a method for weight selection in
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Figure T7: Critical Perturbation Radius (solid line) and its
Approximated Function (dash line)

L Weights: € = 2.83 |
[ [ rmpr | Wupr(s) [ repr | Werr |
Magnitude | 0.395 | Eq.(28) 0.2 | Fq.(29)
T () 1 0.8 0.7 0.4

Table 1: Frequency response of different weights

Figure 8: Frequency response of T, using constant MPR
(marked by '+), dynamic MPR (marked by 'x’),
constant CPR (marked by ’0’), and dynamic CPR
(marked by "*’) weights

Hoo design, and the uncertain interval plant can be mod-
eled by the well-developed H, analysis and framework.

Further research is continuing in the development of
an iterative Hoo design procedure for interval plants. This
procedure will involve an iterative design methodology
with alternate weight selection using CPR analysis, fol-
lowed by H controller synthesis.
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