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Abstract— In this paper we develop a stabil-
ity criterion for systems with uncertainties which
are manifested in the frequency domain by simply-
connected and closed, arbitrary uncertainty regions
which satisfy a mild convexity constraint. In par-
ticular, well-known stability results for the case of
disk-bounded frequency domain uncertainties are re-
covered as a special case of the proposed approach.
The main results hinge on the definition of the crit-
ical direction as the direction of the line the joining
the —1 + 70 point to the the nominal frequency re-
sponse at a particular frequency. It is argued that
the worst case uncertainties must lie along this line
and this idea is exploited to yield a general stability
criterion. An example arising from system and un-
certainty identification is presented to illustrate the
ideas developed in the paper. An application of the
results of this paper yields exact and explicit formu-
lae for the robust stability of systems with ellipsoidal
parametric uncertainties.

1 Introduction

The resurgent interest in robustness issues beginning
with the decade of the 1980’s was initially directed
towards a frequency domain characterization of un-
certainties [1]. Several very useful results have now
emerged which adequately address the analysis ques-
tion for some important classes of unstructured un-
certainties. Typically, some frequency domain norm
bound on the size of the uncertainty is assumed. For
SISO systems this is equivalent to having a disk-
bound on the uncertain frequency response:

9(Jw) = go(jw) + 6(jw), [6(jw)] < r(w)

The MIMO equivalent typically uses the induced ma-
trix 2-norm to get

G(jw) = Go(jw) + A(jw), 1A(7w)ll2 < 7(5w)

The mathematical problems associated with the anal-
ysis of robustness for these classes of unstructured
uncertainties have proven to be remarkably simple,
yielding the following necessary and sufficient stabil-
ity condition:

< 1. Vw
(T + Go(5w)) "Dl

7(w)

It is usually the case, however, that much more in-
formation is available about the sources and nature
of the uncertainties present in a system. Thus there
has recently been greater interest in various classes of
highly structured uncertainties, involving parametric
and non-parametric uncertainties. The question of
robust stability in the presence of this type of struc-
tured un-ertainty can be attacked using several ap-
proaches currently available. One common approach
is to transform the problem into an MIMO feedback
structure where the uncertain components are all as-
sembled into a diagonal uncertainty feedback matrix,
A, with a forward-path MIMO transfer matrix M(s).
The stability problem is then reduced to determining
conditions on the uncertain parameters under which
a determinantal condition of the form

Det[I — MA] # 0 (1)

is satisfied.

Gaston and Safonov [2] give a useful but compu-
tationally demanding iterative algorithm to obtain
an exact solution to this problem in the form of
the stability margin, &,,. Doyle and his collabora-
tors [3],[4],[5] have also used condition (1) to define
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the robustness measure g (which is proportional to
the inverse of the stability margin %,,) and have de-
rived upper and lower bounds for the much more gen-
eral block-diagonal uncertainty problem. The upper
bounds on g are particularly useful since these can be
used to obtain sufficient conditions for robust stabil-
ity, while the lower bounds give some indication of the
degree of conservatism involved. If the uncertainties
in the matrix A (MIMO blocks or scalars) are uncon-
strained in phase, the upper bounds computed using
an optimal similarity transformation matrix which
commutes with the structure of A are particularly
easy to obtain and are known to be exact in many
instances. The situation is significantly more difficult
when the uncertainties are real, and to date, robust-
ness estimates are only available from these methods
by computing upper and lower bounds.

A motivation for the present paper has been the
aim of developing a conceptual analytic framework
for attempting to solve robustness problems which
involve highly structured, real parametric uncertain-
ties, directly in the (Nyquist) frequency domain. The
first step in this regard is directed at SISO sys-
tems characterized by m real, uncertain parameters,
p € R™, as follows:

9(s) = 9(5,p) = go(s) + 8(3), go(s) = g(s,p0) (2)

where g,(s) and p, respectively denote the nominal
transfer function and the nominal parameter set, and
8(s) is an additive uncertainty.

The key idea in the analysis for such SISO systems
would be to obtain the nominal polar plot of g,(jw),
and then to map the parameter space perturbations,
p—po = 6, € Dy into the frequency domain as uncer-
tainty regions about the nominal frequency response.
A challenging aspect of this process, of course, is pre-
cisely the problem of obtaining the uncertainty tem-
plates via a parameter space to frequency domain
map!. In general, the frequency domain uncertainty
templates resulting from parametric uncertainties in
transfer functions give rise to irregularly shaped tem-
plates, and some encouraging work ([6], [7]) has been
done in this area.

Instead of working with the irregularly shaped un-
certainty templates, one could essentially revert to an

unstructured SISO analysis by using a circle of appro-
priate radius and center to circumscribe the uncer-

tainties. However, the results would be ununecessarily

!Frequency domain uncertainty templates are sometimes
described in the literature ([7]) as value sets.

conservative, since we would be ignoring the known
information about the uncertainties and would in fact
be including uncertainties which will never arise in
the given system.

In this paper we propose a frequency domain sta-
bility criterion which provides a conceptual frame-
work for obtaining a non-conservative answer to the
robust stability question. The result will enable us
to work directly with the frequency response infor-
mation, with no need to augment the system to iso-
late each uncertain parameter. Furthermore we shall
show that it is often possible to derive explicit closed
form solutions for the proposed robustness measure.

2 The Critical Direction: A Neo-
classical Approach to Stability
Margins

Consider a SISO system represented by

9(s) = go(s) + 6(s) (3)

where g,(s) is the exactly known nominal model of
an open-loop system and §(s) denotes an additive
uncertainty or error. Uncertainties may also appear
as multiplicative perturbations of the nominal sys-
tem, or as parametric variations on pole/zero loca-
tions and/or variations of the coefficients of the nu-
merator and denominator polynomials in the transfer
functions. However we shall use the additive pertur-
bation model for ease of exposition, with the other
cases covered by explicit reference to the nominal and
uncertain system, g,(s) and g(s), respectively.

Let us make the assumptions that:

1. The nominal system g,(s) is stable under unity
negative feedback.

2. go(s) and g(s) have the same number of open-
loop unstable poles

Under these assumptions, the unity feedback sys-
tem will become unstable if and only if the number
of encirclements of the —1 + j0 point by the Nyquist
diagram changes as a result of the perturbation &(s),
namely, if and only if the nominal Nyquist diagram is
so perturbed by the effect of §(s) as to pass through
the critical point —1 + 50.
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Figure 1 shows a typical Nyquist diagram with an
irregular uncertainty region at a particular frequency.
In order to facilitate the exposition to follow we will
now define the following entities, identified on Figure
1, which will be useful in the subsequent develop-
ment:

Im

o)

Fou

Figure 1: The critical direction and critical
perturbation radius.

. The nominal frequency response, g,{jw)
. The critical direction, d(jw)

1+ go(jw)
11+ go(jw)l

which may be interpreted as the unit vector in
the direction of the line joining the critical point
—1 + 70 to the point g,(jw) on the nominal
Nyquist diagram at the frequency w. The critical
direction d(jw) will prove to be a pivotal element
in the theoretical development to follow.

d(jw) = (4)

. The class of critical perturbations, 6.

6. = {6.(5) = 9(s) - 9a(s) |
5.(jw) = adw), acRy}  (5)

namely, the set of perturbations with frequency
response lying along the critical direction d(w).

4. The critical perturbation radius, p.(w)

(6)

pe(w) = max {a | ad(jw) € 8.)
a€Ry

Finally, we also define the infinity norm of the trans-
fer function g(s):

(M)

lglleo == sup lg(jw)
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With these definitions in hand we can now proceed
to state the following robust stability criterion:

Theorem 1. Consider the system g(s) = g,(s)+
8(s) and suppose that the nominal unity feedback
system is stable and that g(s) and g,(s) have the
same number of open-loop unstable poles. Then, if
the class of critical perturbations é, is a convex set,
the uncertain system will remain stable if and only if

PC(“)

11+ go(jw)l

or equivalently, if and only if

|

Proof: Under the given assumptions, it follows from
the classical Nyquist stability criterion that the un-
certain system will remain stable if and only if the
perturbed Nyquist diagram does not contain the -
1+j0 point, namely if and only if

p((s)

—_— <1
14 g.(s)

(8)

(o]

9(jw) = go(jw) + 8(jw) # -1V w (9

or equivalently, if and only if

1+ go(jw) + 8(jw) #0 V w (10)

At this point we note that from (5), (6) and (10}, it

suffices to consider only perturbation subsets which

lie along the critical direction, namely perturbations
for which

6(jw) = ed(jo), 0<a<pw)  (11)

because these are the only perturbations which could

cause condition (10) to be violated. Thus, for robust

stability we have the necessary and sufficient condi-

tion i)

od(jw

— 12

14 go(jw) (12)

After invoking definition (4), it follows that a suffi-
cient stability condition is given by

#F-1V w

«

. N
1+ go(]“))l

<1 w

(13)

Furthermore, since a < p.(w), stability is ensured if

PC(‘*’) w
TGy =7 (1)
I <1 (15)



The proof is completed by noting that conditions (13)
- (15) are also necessary for stability. Indeed, invok-
ing continuity arguments for simply connected, closed
uncertainty contours we claim that if condition (15)
is violated, there will always be a perturbation in the
allowable set which leads to instability. To prove this
claim, suppose

_pelw) 1

11+ g.(jw) v
and recall that the class of possible destabilizing or
critical perturbations is assumed to be convex and is
characterized by equation (5), with 0 < a < p.(w,).
If condition (16) holds we have

(16)

> 1for some w = w,

1 . )
pe(wo) = :lll + 9o(3wo)| > |1+ go(jwo)|

We can thus choose @ = |1 + g,(jw,)| to get the ad-
missible uncertainty

8c(jwo) = ed(jw,) = —(1 + 9,(jwo))

which violates (10) and hence implies instability.
This completes the proof.

3 Discussion: A Unified General-
ized Theory

The result in Theorem 1 accommodates highly struc-
tured perturbations with fairly general frequency re-
sponse characteristics, bounded not only in magni-
tude, but also constrained in phase. The assump-
tion that the uncertainty region is simply connected
and a continuous function of the uncertain parame-
ters holds generically for real systems. Moreover the
condition requiring convexity of the class of critical
perturbationin 4. is a technical requirement for the
proof as presented. Clearly the convexity condition
is trivially satisfied when the straight line 6.(jw) is
a continuous function of a. A stronger condition
for which equation (8) would also constitute a nec-
essary and sufficient stability condition is to insist
that the entire uncertainty region be convex. Obvi-
ously, the convexity requirement on the subset & is a
much weaker condition, and even this can be further
relaxed.

In the rest of this section several arguments are
given to show how Theorem 1 provides connections
with both the classical as well as more modern robust-
ness results. It is to be noted that Theorem 1 and
the comments below apply equally to continuous-time
and discrete-time systems.
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3.1 The critical point vs the critical line

The main idea exploited in Theorem 1 is the notion of
the critical direction associated with the return differ-
ence f(jw) = 14+ g,(jw). The return difference f(jw)
has appeared in all the classical and more recent ro-
bust control literature for both SISO and MIMO sys-
tems, most notably as the denominator of the sensi-
tivity and complementary sensitivity functions. How-
ever, in general attention has been focussed primarily
on the magnitude of f(jw), since only the magnitude
appears in the final results obtained from the popular
analyses associated with unstructured uncertainties.
It is the opinion of the authors that substantial ad-
vantages can be gained by considering not only the
magnitude of the return difference transfer function,
but also its associated direction, defined in this pa-
per to be the critical direction d(jw). For example
Theorem 1 asserts that the only uncertainties rele-
vant to stability analysis are those which lie along
the straight line defined by d(jw).

Another point of unification and generalization is
the suggestion that the notion of the critical phenom-
ena having to do with robust stability should include
not only a critical point, but also a critical line. For
whereas the popular classical gain and phase mar-
gins can be obtained by concentrating attention on
a critical point, from which maximal tolerable linear
and rotational distances are computed to get gain
and phase margins respectively, Theorem 1 motivates
very strongly the advantages which are gained by a
consideration of the critical line characterized by the
critical point and the critical direction.

3.2 Connections with disk-bounded un-
certainties

The result of Theorem 1 also recovers as a special
case the simple unstructured uncertainty whose fre-
quency response is bounded only in magnitude, but
otherwise unconstrained, namely the case of circular,
or more precisely, disk bounded uncertainties. In-
deed it is easy to see that for disk uncertainties, the
critical perturbation radius is precisely equal to the
radius of the uncertainty disk, i.e. the phase indepen-
dent magnitude bound on the uncertainty. Note that
for disk-bounded uncertainties, both the uncertainty

region and §, are convex sets.

It should be noted, however, that although cir-



cular frequency domain uncertainty regions lead to
a simpler mathematical problem, the associated re-
sults may be unduly conservative. To illustrate this
fact, let us assume that at a particular frequency the
effect of the perturbation é(s) is such that the fre-
quency response of the system g(s) = go(s) + 6(s)
is as shown in Figure 1. Then Theorem 1 stipulates
that for stability, the maximal excursion along the
critical direction, of g(jw) from g,(jw), should be
less than |1 + g,(jw)|, the distance of the nominal
frequency response g,(jw) from the -1+j0 point. For
the uncertainty shown in Figure 1 the result of Theo-
rem 1 constitutes an exact stability condition. Other
approaches to this problem generally yields conser-
vative results, since the structure of the problem is
ignored and an essentially unstructured representa-
tion is used. This will certainly be the case if the
uncertainty region at each frequency is completely
circumscribed by a circle of large enough radius or
if the bands swept by g,(s) + 0(s) as s traverses the
imaginary axis, are considered and circles of appro-
priate radii and with centers inscribed within such
bands. In this latter case, the inscribed circles may
have no physical interpretation, for example the cen-
ters of the circles may no longer correspond to the
nominal frequency response, and hence the problem
structure would again be lost.

On the other hand, the tools which have been de-
veloped using unstructured disk bounded uncertain-
ties can still be used while still preserving necessity
and sufficiency in the stability result. To accomplish
this goal, Theorem 1 stipulates that at each frequency
the uncertainty disks should have a radius given by
pe(w). If uncertainty disks are thus defined, then the
unstructured approach would yield the same result
as that given in Theorem 1, and would hence be nec-
essary and sufficient. Note that this fact may appear
somewhat counter-intuitive since these uncertainty
disks do not necessarily circumscribe the entire un-
certainty region at each frequency. In some sense, the
proposed disk bounds exclude exactly those pertur-
bations which are irrelevant to the stability analysis
and thus attains necessity and sufficiency.

3.3 Implications for robustness analysis

Many H, design problems invoke the robustness con-
straint

IW(s)S(s)floo < 1

where W(jw) is a weighting function and S(jw) is
St . . - — 1
the sensitivity function S(jw) = T.Go)

A major engineering challenge has been the selec-
tion of appropriate functional forms for the weights
W (s). In this context, it is asserted that the specifi-
cation

W (Gw)l = pe(w)
will provide an exact weight for H, robustness anal-
ysis in the presence of this class of structured uncer-
tainties. To see this, note that the robustness mea-
sure becomes

et

o

This latter problem may now be attacked by invoking
now standard He, analysis methods.

A key feature of the emerging solutions to the H
methods is their implementation in terms of the state
space representations of the plant and of the weight-
ing functions. Thus it is of some interest, not simply
to specify some magnitude bounds for the frequency
response of the weighting functions, but also to ob-
tain proper state space realizations of the associated
transfer functions. A first step in this direction is to
obtain explicit closed-form solutions for the weighting
function W(s) = p.(s) for which state space realiza-
tions can then more readily be derived.

In the following section we present an example of
a system and uncertainty model derived from statis-
tical parameter estimation techniques. The result-
ing ellipsoidal parameter-space uncertainty model, in
addition to its intrinsic merits, facilitate a direct fre-
quency response robustness analysis and an explicit
characterization of p.(w), thus illustrating the mate-
rial presented thus far in this paper.

4 Model Estimation
soidal Parametric
ties: A Frequency Domain In-
terpretation

and Ellip-

Uncertain-

Let us consider a general system model given by the
discrete-time transfer function

H(z) = 'i: hiz™* (17)
k=1
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with ¢ parameters defined by h = [hl,hg,...,hq]T.
The nominal system, denoted H°(z) is obtained when
h assumes the nominal values h® = [h$, A3, ..., ST
and the real system is modeled as H(z) = H°(z) +
§H(z). As discussed in the previous section, our in-
terest will be directed towards determining bounds
on the size of §H(e’*) as the system parameters
vary within some set, and then use these uncertainty
bounds to formulate exact robust-stability conditions
for the unity feedback loop.

Let h € R? be such that h = h° + §h. Then we
define an ellipsoidal parameter space as follows:

th=h-h° 6he& (18)

&= {nTQ"h < 1; Qu=Qf >0}  (19)

The set &, constitutes an ellipsoidal description of
the uncertainty. We argue that, in addition to the
remarkable mathematical tractability which we shall
show later, the ellipsoidal parametric description of
uncertainties is quite natural in many application and
offers, in contrast to hyper-rectangular descriptions,
the further advantage of allowing the dependence
among various system parameters to be taken into
explicit account. Ellipsoidal models often arise quite
naturally, as for example whenever linear regression
or least squares analysis is used in model estimation.
(See for example ([9])).

Now our main interest is in finding the map from
the parameter space to the frequency domain which
would then enable us to invoke the robustness re-
sults obtained earlier. Clearly the nominal param-
eters h® will map to the nominal transfer function
He(2) = i, R9z~F. Consider now the frequency
response H(e’*) where H(z) = 31_, hyz~* contains
parameters h = [hy, kg, ..., h]T lying in the ellip-
soid derived earlier. Under these conditions, the next
lemma shows that the parameter space ellipsoid maps
precisely to ellipses at all frequencies except forw = 0
and w = .

Lemma 2. The parameter space ellipsoid defined
by
(h-h)7Q; (h—h*) < 1

maps to frequency domain ellipses defined by

(™) - () Q5" (H(e) - H(e)) < 1

20

where ( )
H(e) = { igg:ﬁ:; ] — W(w)h € ®?

Q. := W(w)QyW(w)T € R2x2

cosw coS2w

cosqw
Stnw  Stn2w

W =
() [ singw

At w = 0 and w = 7, W(w) is non-singular and the
frequency response uncertainty is entirelv real and
given by

(21)

[H (jw) ~ H°(jw)| < /VR(w)QrvE(w)

where ve(w) = [cosw cos2w . . . cosqu]
Proof: The proof makes use of a result given in
([9])- Details are omitted.

Equation (20) indicates that the frequency domain
uncertainity templetes § H(e’) are described by el-
lipses. Equipped with the analytic expression for the
frequency domain elliptical uncertainty bounds, we
can now proceed to state the main robust stability
result for ellipsoidal uncertainties.

Theorem 2. Under the assumptions of nominal
closed-loop stability and that the nominal perturbed
system share the same number of open-loop unstable
poles, the unity negative feedback system with open-
loop transfer function (17) and uncertain parameters
(18), (19) remains stable if and only if

in(z)llo < 1
where
: 1
nEo) = ——————, we 0,1 22
o Qg dw’ € &P &
and r
: Ve(w) Qp vR(w)
meo)l = B2 RZT o, 23
N 2@ d (@) r@
where
-1
d.(w) = ~ W(w)h°
0
Proof. Consider the case w € (0,7). Us-

ing two-dimensional vector analysis and the defini-
tions in Section 2 it becomes clear that d¢(w) as
given in Theorem 2 corresponds precisely to the un-
normalized critical direction d(jw) defined earlier.
Now from Lemma 2, the frequency response H(e’)
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at each frequency is located inside an ellipse with cen-
ter H°(e’*). Thus stability will be guaranteed if, at
all frequencies, the following relationship holds:

pe(w) < AT (W)de(w) = |1+ H ()]

In other words, stability is ensured if the critical per-
turbation radius p.(w), namely, the distance from the
center of the ellipse to the point at which the vector
d.{w) intersects with the ellipse, is always less than
the length of the vector d,(w). A fundamenta] result
from two-dimensional coordinate geometry gives the
length of the line joining the center of an ellipse to
the point of intersection along the vector d.(w) as

 dX(w) d (o)
plw) =
V() Q} d (w)

The proof is completed by invoking Theorem 1 with
pc(w) as given above, and using the definition of the
[Illoc-norm. The proof for the singular cases where
w = 0,7 is analogous.

5 Conclusion

In this paper we have developed a stability crite-
rion for systems with uncertainties which are man-
ifested in the frequency domain by simply-connected
and closed, but otherwise arbitrary regions about the
nominal system. In particular, well-known stability
results for the case of disk-bounded frequency domain
uncertainties are recovered as a special case of the
proposed approach. The main results hinge on the
definition of the critical direction as the direction of
the line joining the nominal frequency response at a
particular frequency, to the -14+j0 point. It was ar-
gued that the worst case uncertainties must lie along
this line and this idea is exploited to yield a general
stability criterion. An example arising from system
and uncertainty identification was presented to illus-
trate the ideas developed in the paper. An appli-
cation of the results of this paper yields exact and
explicit formulae for the robust stability of systems
with ellipsoidal parametric uncertainties.

Further work is presently underway to develop an
interactive design method using the parameter esti-
mation in conjunction with the H., design. Addi-
tionally, the critical direction based worst-case per-
turbation parametrization is also being extended to
the case of MIMO block structured uncertainties.
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